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Abstract

The field of muon tomography has developed rapidly over recent years. It has seen broad-ranging applica-
tions, from archaeology to nuclear waste management. The technique relies upon the varying attenuation
of muons passing through materials, parameterized by the stopping power—the energy lost by the muon
per unit distance traveled—and is intrinsic to the material itself. As this is an inverse problem, it is im-
portant that the reconstruction is particularly sensitive to this function to correctly identify the material
itself. It is the aim of this paper to outline an efficient, closed-form simulation of the stopping power for
compound materials that, by design, allows for user-friendly application to most materials.
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1. INTRODUCTION
The tomographic reconstruction of a large structure or object requires a mapping between the number of muons detected, expressed
as a flux, and the density of the path traversed by the binned muon direction, expressed as opacity. The binning of the muon
directions is largely independent of the calculation of the stopping power and will not be covered in any great detail. However, for
clarity, it refers to a ray within a certain positional bin on the detection plane (determined by the resolution of the detector) and an
angular bin, determined by the binning regime—which is specific to the geometry and aims of a project. The relationship between
flux and opacity is outlined by a set of relatively simple equations given below.

We start with the definition of opacity: a line integral along the binned muon direction.

ϱ
(

xi, zj, θk, ϕm

)
=

∫
L(xi ,zj ,θk ,ϕm)

ρ(x, y, z)dl, (1)

where ϱ is the opacity, (xi, zj, θk, ϕm) are the bin’s parameters, and ρ(x, y, z) is the density of the material at position (x, y, z)t.
As muon tomography generally explores density variations within a solid structure, a homogeneous baseline model is used to

compare experimental results. For a homogenous material, our definition of opacity reduces to:

ϱ = ρL, (2)

where L is the path length and ρ is now a constant. With this linear relationship in L, we can model it to be the mean range—the
average distance traveled by the muon before coming to rest—while working in the continuous slowing down approximation
(CSDA) [1]. By scaling the definition of the mean range by density, we produce the following expression for the maximum opacity
that can be traversed b a muon of energy Emin:

ϱ =
∫ Emin

0

1
dE
dϱ

dE. (3)
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Here, dE
dϱ is the mass stopping power of the material. For a homogeneous model, this reduces simply to dE

dx and a density

coefficient (as explained above), with dE
dx being the stopping power of the material, and the subject of this paper. It is a function of

energy alone and is given by the following equation:〈
− dE

dx

〉
= a(E) + b(E) · E. (4)

Here, we can see that it is comprised of two types of processes that result in energy loss: a(E) that accounts for the electronic
interactions and b(E), which accounts for several radiative processes. For a compound such as the limestone in the Great Pyramid,
this becomes a mass-weighted average of individual elemental constituents:

dEcompound

dx
= ∑

j
qj

dEj

dx
, (5)

where qj is the mass fraction of the jth element in the compound. As such, given a fractional breakdown of a compound’s make-up,
the stopping power of any material may be readily calculated.

2. ENERGY RANGE
This particular simulation was developed under the Exploring the Great Pyramid (EGP) collaboration and, therefore, the following
energy limits are specific to the project—the considerations are, however, general to the technique of muon tomography.

The Daya-Bay model of the muon flux incident at sea level, a modified form of the Gaisser formula, was used for its ability to
better describe the spectrum at lower energies (below 100 GeV) [2].

By considering the Daya-Bay model of the muon flux incident on the Earth’s surface, we can see a severe energy dependence.
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FIGURE 1: The Daya-Bay model of the muon energy spectrum at sea level, for a number on angles.

Due to the positioning of the detectors and the geometry of the Pyramid, most rays with a zenith angle below 45◦ (around
0.8 rad) will be thrown out in the reconstruction process as they typically will not have passed through the pyramid.

We may observe the sharp drop in muon flux as the energy increases, though much less so for the angles we are considering,
which at around 1 TeV becomes almost negligible. 1 TeV is the upper limit of the energies considered in this project. The lower limit
is largely dictated by the minimum distance a muon must pass through the pyramid for it to be accepted in the reconstruction
code. The minimum energy associated with this distance was found to be around 30 GeV, which set the lower limit for the energy
considerations. It can be seen from Figure 1 that the lower energy muons are the greatest contributors to the integrated flux and
so it is necessary to set the lower limit to be such that a sufficient number of muons are still being considered in the reconstruction
process to produce a high-resolution image.

3. CONTRIBUTIONS TO STOPPING POWER
As seen earlier, the contributions to stopping power may be split into two types of processes: electronic and radiative. They are
broken down as follows:

a(E): Bethe-Bloch,
b(E): Bremsstrahlung, pair production, and photonuclear interactions.

At low energies, below 100 GeV, the electronic processes dominate this energy loss, and above this, the radiative processes
dominate. Since our energy range bridges both limits, the two types must be considered with equal importance.
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3.1. Bethe-Bloch Equation
The well-known Bethe-Bloch equation accounts for the energy loss a charged particle experiences as it ionizes or excites the atoms
in the material [3]. Two additional higher-order corrections have been included in the code:

(1) Bremsstrahlung from atomic electrons: this significantly contributes to the total electronic losses, particularly at higher ener-
gies (4% at 1 TeV) [4].

(2) Barkas-effect correction: this approximation holds in our energy range; however, fails above 2 TeV [5].

As concrete is a compound material, with both conductive and nonconductive constituents, as well as having a wealth of
existing data on the popular grades, it was chosen as the test compound for the final simulation.1 From these constituents, silicon
was then chosen for its second highest mass fraction (being 0.337 compared to Oxygen with 0.529). Shown below, in Figure 2, is the
result of implementing the Bethe-Bloch equation in the code, along with the chosen corrections, for silicon:
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FIGURE 2: The contribution of electronic processes to the mass stopping power of silicon.

They have been compared against the data produced by Groom, Mokhov, and Striganov, 2001 [7] (shown above) as well as
with existing Geant4 simulations for silicon [8]. Due to the simple nature of this formulation of the Bethe-Bloch equation, the code
took 1.1507 seconds to produce the results in Figure 2.

3.2. Bremsstrahlung
Bremsstrahlung is the radiation emitted as the muon is deflected by the electrons and atomic nuclei of the material, resulting in a
deceleration of the muon. Kelner, Kokoulin, and Petrukhin’s 1995 paper on Bremsstrahlung cross-section for high-energy muons [9]
has been used here. Not only are numerous significant corrections included, but they also have a concise breakdown of the history
of Bremsstrahlung formulations.

Shown below is the result of implementing these corrections in the code.
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FIGURE 3: The contribution of Bremsstrahlung to the mass stopping power for silicon.

3.3. Pair Production
The production of e+e− pairs results from the electromagnetic interactions of the muon as it passes through the material. There
have been several formulations of this, the most recent being Nikishov’s analytic form for the energy spectrum of the pairs pro-
duced [10]. Though thorough, this form greatly reduced the efficiency of the code due to its length. Therefore, the use of Kokoulin
and Petrukhin’s parameterization of Kelner and Kotov’s was more appropriate [11, 12]. Shown below are the results of this.

1More specifically, Portland concrete was chosen [6].
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FIGURE 4: The contribution of pair production to the mass stopping power of silicon.

3.4. Photonuclear Interactions
The energy loss due to photonuclear interactions is the product of multiple complex processes. The most popular form is that
formulated by Bezrukov and Bugaev [13] in 1981, still widely used today.

There is, however, a problem—this approximation fails for energy losses below 5 GeV. Since the method relies upon an integra-
tion over the fractional energy transfer, this limits the accuracy of this method around the lower limit of our energy range.
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FIGURE 5: The contribution of photonuclear interactions to the mass stopping power of silicon.

4. INPUT AND RESULTS
The final code itself takes a csv file as its input—easily produced and edited in Excel. Shown in Figure 6 is a simplified extract of
this csv file for concrete.

FIGURE 6: A simplified extract of the input for concrete.

The results for an individual constituent took on average 13 minutes, 10 minutes of which was taken up by the code for pair
production, setting a total of 130 minutes for the final stopping power of concrete.

Drawing all of the above processes together, we produce the total stopping power shown below in Figure 7. From this, we
observe that the results of the code agree very well with the existing results obtained by Groom et al. [7], particularly for energies
below 100 GeV—useful as these.

There are also several ways in which the pair production may be edited to further cut the run-time:

(1) Decrease the sampling rate for the numerical integrations involved—not advisable due to the rapidly changing fractional
energy transfer.

(2) Reduce the number of energy sample points and instead interpolate the data for use in the final result—preferred over
the above as the functional form of pair production (in Figure 4) is relatively standard, so it can be simply modeled for
interpolation.

4



Journal of Advanced Instrumentation in Science JAIS-281, 2022

100 101 102 103

Energy of Muon (GeV)

2

3

4

5

6

M
as

s S
to

pp
in

g 
Po

we
r dE d

, (
M

eV
cm

2 g
1 )

Simulated Data for Total
Data from Groom et al.

FIGURE 7: The final stopping power function produced.

5. CONCLUSION
The results of the closed-form analysis of the stopping power are congruent with existing literature and are therefore a promising
simulation for a compound material. Qualitative breakdowns of the Great Pyramid’s backing block constituents exist [14], and
a quantitative breakdown will be helpful for use in the EGP collaboration in order to achieve the intended full precision of this
method. As it stands, however, the specialized nature of the code and the ease of custom input make it an efficient candidate for
the use in muon tomography.
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