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Abstract

As a sequel to our previous work [1], we propose in this paper a quantization scheme for Dirac field in
de Sitter spacetime. Our scheme is covariant under both general transformations and Lorentz transforma-
tions. We first present a Hamiltonian structure, then quantize the field following the standard approach
of constrained systems. For the free field, the time-dependent quantized Hamiltonian is diagonalized by
Bogliubov transformation and the eigen-states at each instant are interpreted as the observed particle states
at that instant. The measurable energy-momentum of observed particle/antiparticles are the same as ob-
tained for Klein-Gordon field. Moreover, the energy-momentum also satisfies geodesic equation, a feature
justifying its measurability. As in [1], though the mathematics is carried out in terms of conformal coordi-
nates for the sake of convenience, the whole theory can be transformed into any other coordinates based on
general covariance. It is concluded that particle/antiparticle states, such as vacuum states in particular are
time-dependent and vacuum states at one time evolves into non-vacuum states at later times. Formalism
of perturbational calculation is provided with an extended Dirac picture.
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1. INTRODUCTION

As is well-known, one of the biggest challenges in theoreti-
cal physics is quantizing gravity, to which huge efforts have
been paid since decades ago. Yet, the light of the other end
of the tunnel is still not close, if not out of sight [2]. As a
less ambitious middle step, quantizing all fields except grav-
ity in curved spacetime has been attempted at for decades [3]-
[6]. Nevertheless, most endeavors prior to [1] ended up be-
ing not quite satisfactory, even for a particular curved space-
time, due to various reasons as discussed in [1]. The impor-
tance of quantum field theory (QFT) in de Sitter spacetime has
long been realized. Recent loop quantum gravity also suggests
that QFT in de Sitter spacetime is a good approximation to
the physics of gravity-matter system described by the prod-
uct of gravitational Kodama Chern-Simons wave functional
and the matter wave functional [2], though the normalizabil-
ity might impose a difficulty [7]. In our previous work [1], a
real Klein-Gordon field is quantized with the help of vierbein
and the approach is generally covariant. In parallel with QFT
in Minkowski spacetime, Hamiltonian, particles states and per-
turbation theory were consistently defined. In particular, the
measurable energy-momentum, which can be used to discuss
cosmological redshift if the universe can be approximated by
de Sitter spacetime, was also obtained. It is understood that
the first quantization fields in curved spacetime can be imple-
mented in a broad range of curved spacetimes whereas sec-
ond quantization heavily depends the specific spacetime un-
der consideration. The reason is that second quantization re-
quires expansion in terms of field modes, which heavily de-
pends on some convenient choice of coordinate system of the
particular spacetime. Once the convenient set of basis solu-
tions is available, second quantization can be implemented and
transformed to any other coordinate system. Hence the whole
scheme is made generally covariant. Not all sets of basis solu-
tions are created equal since it is required that the basis can be

interpreted as the states of a free particle. In Minkowski space-
time, that is the set of plane waves. Similar basis are also viable
in de Sitter spacetime.

The key point in our approach is that the canonical conju-
gate of a generic field ¢ in cured spacetime is the partial deriva-
tive of Lagrangian density with respect to the time derivative
projected onto the vierbein. There are two benefits of this def-
inition. First, it renders the definition generally covariant. Sec-
ond, the “time” derivative is with respect to measurable time in-
stead of coordinate time. Suppose 2, is the covariant derivative
(e.g., generally for a scalar/vector or Lorentzian for a spinor) of
@, then the “time” derivative is eé’ P,¢ where ell is the vierbein
field.

Quantization of Dirac field in de Sitter spacetime was dis-
cussed in literatures [8]-[22]. Most discussion on the same topic
so far are not generally covariant, not consistent with the re-
quirement of general covariance and hence not fulfilling the
original purpose. As is well-understood, when a field inter-
acts with time-dependent external field, the whole system will
be non-conservative and the Hamiltonian, which usually gov-
erns the evolution of the system, is supposed to be in gen-
eral time-dependent. The Hamiltonian and particle-antiparticle
states in [8] are constant. In [10], there is no appropriate quan-
tization procedure and there is no creation of particles. Yet,
a free field in de Sitter spacetime is actually an assembly of
time-dependent oscillators hence all the concepts therein such
as Hamiltonian, particle/antiparticle states should be time-
dependent as in [23]-[28]. As is well understood, external lines
in Feynman diagrams represent observable free particles. With-
out this interpretation of external lines, the physical meaning of
all calculations will be at least vague since the calculated am-
plitude does not tell about scattering. The (loop) calculations
in [12]-[15] are based on the assumption that the external lines
of Feynman diagrams represents plane wave ¢/*"* with a time-
dependent factor. Actually, the free-particle state in de Sitter
spacetime is a mixture of e** and ¢~ % as has been under-
stood [29]. Works [16]-[22] mainly focus on the mathematical
features/generation of solutions. The quantization procedure
is not based on time-dependent Hamiltonian and hence the
particle states are time-independent and the Green’s functions
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do not describes the propagation of physical particle from one
state at one time to another state at another time. In this work,
we present a fundamentally different approach to quantizing
Dirac field in de Sitter spacetime. As in [1], our approach will be
not only generally covariant under coordinate transformations
but also Lorentz covariant under local Lorentz transformations.

The present paper is arranged as follows. In Section 2, we
present the canonical structure and quantization of free Dirac
field in de Sitter spacetime following the standard approach
for constrained systems. New fundamental fields are also in-
troduced. In Section 3, the system is quantized in Schrodinger
picture using the new fundamental fields. Section 4 provides
fundamental solutions of Dirac field in de Sitter spacetime, as a
preparation of second quantization. Section 5 presents in detail
the field 2nd quantization and the quantized Hamiltonian both
in Heisenberg picture and Schrodinger picture. The Hamiltoni-
ans are diagonalized and quasi-particle creation/annihilation
operators are defined. Discussions of difference as well as
things in common in the two pictures are provided. Time de-
pendent vacuum and particles states are defined. Particularly,
the observed energy-momentum is obtained based on our pre-
vious work and the on-shell relation for free particles is ob-
tained. Some simple matrix elements are calculated. In Section
6, we define a generation functional which can be used to calcu-
late various matrix elements. In Section 7, transition amplitude
between two states at different times is formulated. Section 8
is devoted to formulation of perturbation theory for interacting
field, with the help of Dirac picture. Section 9 is a discussion of
local Lorentz covariance of our approach. Section 10 is conclu-
sional discussion.

2. CANONICAL STRUCTURE AND
QUANTIZATION OF DIRAC FIELD
IN DE SITTER SPACETIME

We use the same notational convention as in [1]: ds? =
C(2)[d7? — ¥j(dx")?] with conformal factor C({) = (£/)?,x =
(¢,x),n=2¢,1,23andi,j=1,23,gu = nabe;’lez. The symmet-
ric, real Lagrange of a free Dirac field is [30]-[31]

Ly = % W'Y%ZD#‘P - EBM”ZW["P} — my ey

with Dy = 9 + o™ = Oy — jwumny™" =
W — A Ay = 10" ALY = AT =
% (Yir V), @6 W= 8y¢ + @Ay. The Euler-Lagrangian equation
[Eflp}@ =0is

i i i
26Dy — SeAuery"p —emyp +y(Seeny"y) =0 (2)

Since [Ay, 7] = —wy ™y, then Ayeg’y“ = ef;'y”Ay + wpy"
with w, = V,,ef:. Using ,ay(eeﬁ,') = eV,leZ, Vyuep = Wyp eV, we
have

i7" ea Dytp — mytp = 0 ®)
iPD oy el + my = 0 @)

The Dirac current is defined as

I]girac(lp’ (P) = @r)/aeflt(f) (5)

It can be easily verified that Vyjﬁira o = 0. The inner-product is
defined

(1/] | q))Dirac = /Edaﬁ.uwryﬂef;q) = /Zd‘7¢+4) (6)
Sowehave (¢ | ¢)pirac = (¢ | ¥)Dirac which is general-Lorentz
invariant. R

Denoting D, = ¢} Dy, Su = D u (here el plays the role
of parameter A(t) in [32]). The canonical conjugates are defined
as [33]

0.%, 1— 0.7, 1.

Y - 0 . — A‘»b — 7EZIYOII] (7)
oD,
Unlike the situation of Klein-Gordon field, Ehere does not ex-
ist the inverse Doy = Doy (v, Dy, Ty, P, @Si, g x). Instead,

the system is a constrained system with two primary con-
straints [34]

1

=y — Eupyo ~0 (8)
1.9

szn¢+§ry Pp~0 )

Hence the canonical Hamiltonians . and the total Hamilto-
nian J#7 can be constructed via

A =Py + myDop — 2, (10)
Hr = A+ A + 226 (11)
where A, i = 1,2 are odd variables. Classical Poisson brackets

between the primary constraints ¢; and the total Hamiltonian
7 determine A's completely. Consequently, there are no sec-
ondary constraints and the system has only primary second-
class constrains. The canonical Hamiltonian is expressed as

H[, ; 7y, 705,
= [de |55 Dup+§Dur"¥) + myGy]  (12)

and the total Hamiltonian is then

Hr [, §; 70y, 705 C]
_ /2 do E (=7 Dytp+ D g1 ) + myp + AL + /\ZCQ}
(13)
Equal-time Poisson brackets are defined by
{a(x), s ()} o o = 0a80°(Z") (14)
{$a (), P51 }romyp =0 (15)
_ PB. .
{Fa0) )}, =0488°(Z) (16)
{roae) mgs ), =0 a7

where Z! is defined as in [1]. The Poisson bracket matrix of the
two constraints is

P.B. in0 .
o= {aat e}y, = (S 3 )E@) a9
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and the inverse is

@—1 _ ( 710,}/0 17(;)T >53(Z1) (19)

Hence the Dirac brackets are

{94,050 0l = —i1hp0(Z)) (20)
We can choose a new set of canonical variables and constraints.
1 .0 1— o
w = flp+z'y Tl Tlw = n¢+fup'y (21)
= —1p+z7r¢7 T = 717 O (22)
with inverse transformation
1
¥ =w—iy"nq, Ty = E(T[w — i) (23)

L Yw +ing) (24)

P = —i(mw?’ +iQ), ;= 5(

With these new variables, the Poisson brackets and Dirac brack-
ets are equal. The physical Hamiltonian

. . i /A - ’
Aoy = il +10) |3 [ =7y + Byr]
x (@ =i7"710) |00 -0
. i TN - ’
= —imy? {5 [ — 7" Dy + Bﬂq” } + mlp} w (25)
Still denoting w as ¥, and 7, as iy, (, ) are now a canon-

ical pair. We arrive at the conventional expression of Hamilto-
nian

J— — l AN - /
Koy 9,:0) = [5 [— 7D+ D] + mw} y @6
It might be worthwhile noting that this agrees with the
Faddeev-Jackiw method for first-order Lagrangians [35]. The
purpose of our approach is not just to quantize the system but
also in a covariant way, which many literatures have failed to

address/emphasize so far. The P.B. as eq. (20), with which we
can reproduce the original equation:

Dop(x) = {4, Hony B9}

P.B.
—/do{ )5 (57 Dap + FD ) +mww}

= —iy"(=iv" Doy + myp)

(27)
ie., )
ieg’)/oDleJ = —iy? eg,Dylp + mytp (28)
Similarly
iegﬁ(x)s},fyo = 7@8;,85,7“/ — myp (29)

We are now facing a similar issue encountered in KG case, i.e.,
the rhs of eq. (20) depends on time {, which will cause in-
consistency when introducing Schrodinger picture. We need to
extract partial information of the fields ¢, y, information of which

Schrodinger picture can be well-defined. For this, we introduce
fields
=2, i =% (30)

These fields are not Dirac spinors in curved spacetime and they do
not transform the way the original fields do under local Lorentz
transformations. From these definitions, we have

D¢ = 2707“62’ (D

O)E — "9 Dy — in'mye  (31)

This can also be obtained as
A _ PB.
Do = {& Hony 1 930] }

If we choose ¢, € as fundamental fields and define the Poisson
bracket for any two functionals F(,&; (] = [v do.#,G[¢,&;C] =
J5 0% as

760850 & (32)

{F, G}P'B'

o af 0F 89 89 F
= I’YAB/Zd‘Te (5§A(x)5§3(x) 5CA(X)5§B(X)> )

Since &(x) = [y do’8%(x — x")C73/2(0)E(x"), Ey)
—y)C™ 3/2(C)§(y ), we have then

= [y do’53(y

{800, 8} = e (Z)) = —i°P(x —y) (34
Thus with the Hamiltonian
Syl 8 ¢
= [ L (1" Dy + Do) £y +in® 2022 39)
we have
Do¢ = {& Hpny 5, &} (36)

In general, for any O[Z, & A(x)]

O &M = [ doo(&,EAX) 37)

which is a function of { and a functional of &, &
N = P.B.
4018, EAXNE) = [ &(x)3; ()0 + {0, Hpny |
+ /E damvo/\ (38)
where dy is defined as eo(é )d/dC, bearing in mind that { =

const. defines the surface L, i.e., the Lh.s. depends on the sur-
face ¥. In particular,

doHyny[2,&5-++] = [ ef(x )ag(dff)%”

/ do’ 1; (39)
ﬂ
Quantization is realized by the correspondence
1
1 (40)
Hence we have anticommutator
{¢(0),EW)} =" (x—y) (41)

In the sequel, we write Hppy as H for brevity.
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3. SCHRODINGER PICTURE

Upon quantization, the classical canonical variables i, i are re-

placed by operators l/?,@ in a Hilbert space and Poisson brack-
ets become anti-commutators. In standard QFT in Minkowski
spacetime, the Hamiltonian is time-independent and three pic-
tures can be utilized. Similarly, we can define Schrédinger pic-
ture for O = ¢, ¢

08(¢) =1-1¢ [ HIEEE i o7y o1 [ HIEEMEEdn (4

where T is the time-ordering operator define as T¢({1)&(2) =

(21)6(82)0(02 — €1) — €(82)¢(C1)0(C1 — G2)- It should be em-
phasized that here what is employed is H[¢,&; 7] instead of

H[p, ;7). The two pictures agree at { = ¢

&(x) = &(4,x) = p(£,x) (43)

For Hamiltonian
HS(Q — 71 zf{ )ed )dﬁH(g)TefiﬁH(q)eg(q)dq
:H[Cs(x)/gs(X);e (x)](%) (44)

and HS(¢) = H(¥). So time-independent &5(x), &(x) play the
roles of x, p while ¢(x), ¢(x) play the role x4, p+ in [36]:

H(t) = (19 /2m + g(6) gmad?,
pi(t)/2m+g(t) 5 ma%xi(f)
As suggested in

2

H()/dt = F(1)p/2m + §(6) smed?,

dH, (t)/dt = f(t)p2(t)/2m + §(t) > mwoxiu)

though the initial condition H(0) =

H(t) # Hy(t) since p (),
dependence of H” is

H.(0), we have
x+(t) depend on time t. The time-

i) = ief s HIES (), Bk ()0 49)
Quantum anticommutator is
{&@),¢

Quantum mechanical Schrodinger equation for wave func-
tional is

() by = 1% (x —y) (46)

iDo¥[°(x),¢] = H3[Z%(%), 55 (x); 1Y [S° (%),8]  (47)

where in H% (As in conventional quantum field theories, this is
not unique!) &5 (x) — A% 56/685 (x). So

= /2 doe™ 35 (x) { iv" Dy + my + iv° C 1724,
x hy05/ 685 (x) (48)

One can discuss wave functional based on this Hamiltonian.
But this is left out of the main scope of the present paper.

4. FUNDAMENTAL SOLUTIONS FOR FREE
FIELD

With choosing viebein as ej, = 5f¢C1/ 2(7) and the Dirac repre-
sentation of y-matrices, the spin connections wW),qp are

1
O1 7 0 0
- 0 0 0
woap =0,  wigp = Oc 0 0 0 49)
0 0 0 0
0 0 7 0 0 00 ¢
o — 0 0 0 O s — 0 0 0 O
2ab = _% 0 0 0 ’ 3ab — 0O 0 0 0
0 0 0 0 -2 000
(50)
Ay = 0,A; = —;—g'yofyaéf. The Dirac’s derivative is Dy =

90,D; = 9; + 2%70%5?. Hence,

1(2522*3) 0 @ {(i01+0;)
O’ i(2009—3) if(91+id7) i3,
iyl D, = , 20 T 7
@O L@ _Liyrd) i) 0
£ L 20 .
L@-i3y) i 0 _i22y-3)
7 7 20
(61)
Let ¢(x; k) = A®y(Z)e**, then Dirac equation reads
i250-3) 0 ks 2lky —ikp)
2 0 i(2099-3) 1@(—ik{1+k2) 7§(k3
il 7 a Ok () =0
k3 (kg —iky) i(2099-3) m 0 kS
T e T My
{(—iky—kp) ks 0 i(2090-3)
4 4 20 ¥ (52)

Denote @ = (¢, xx)". Then

i(2g0g — 3) ks {(k1—ika)
e L (T SP¥ i el PR
4 /4
(53)
ka* g(klfikZ) l(zgao _ 3)
( iitk) o >(”k(5)+ {T+m¢}?(k:0
l 4
(54)
Let g = (*frandv =1/2+ ilmy, we have solution

£(©) = Y (kg); B (k); (55)

Given ¢ (), we have

k. (¢ +v — 2] (56)

xk(§) = o

Consider solution

ou(©) = emeHP o) ()

+k angZHV”(kz;)( ;’; ) (57)
Then
xe() = "™i(kg)*H (ké)k ‘7( o )
Cok
. (1) d
+z(kg)2Hv71(k§)( dii ) (58)
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Thus
c
¥i(2) =k2€21<( i > (59)
where
K— fﬂmvH ( ) k- orH (kg) (60)
el (k)k-o iHY, (kD)

These basis solutions were provided in [8]. Using recurrence
relations of Bessel function, we have K'K = nikg' Hence we

have ®I(C)®k(€) = %k3§3(cl’:ck + d,tdk). Thus we have Dirac
inner-product

4
(¥ (x; 1) [ (x; k') Dirac = Ai;k3€35k,k'(cick +didy),  (61)

which suggests Ay = (£k3¢3)~1/2 with normalization chek +
d;;dk = 1. We have for each k 4 basis solutions (cj,dy)”

w! = (1 0,0,00T,w?> = (0,1,0,0)7,w® = (0,0,1,0)T,w* =
(0,0,0,1)T.
ZAkkng k(Y cpw'+ Y dywl)e*™  (62)
i=1,2 j=34

5. SECOND QUANTIZED FREE DIRAC
FIELD

5.1. Heisenberg Picture
Second quantization is fulfilled by anticommutators {c;, C}Lk, b=
{dikrd}k/} = 5,‘]‘5](,](/ so that

YE(W)} s = 040> (2). (63)

The second quantized Hamiltonian is accordingly

{pax),

72A2k4€4 Ck,d+)

4
(otitie *5R7) (&) e

N\»—\

Hly, ;7] =

where (z = k()

ek ) = 7 @) | G o))+ i)

_ ity (1) ()¢ EH@ + (3 y)iH® }

ex(h0) = [H )" |5y +my) Y ()5 1 2)

(1 « 2.0 3i
i ) | FHY + -

—2iH M, HM my + %(HﬁlHﬁl +HM (2)HY)

Ak, §) =
A" (k,§) = 2 [2iH P HE, my - 2

+HP, (2)H))] (66)

v

HOH

Using the definition of Hankel functions, we have

e1(k,0) +€1(k, §) =2e = —(e2(k, §) +&5(k, ) (67)
with

e(k,¢) = e [ —i(H\Y HP + HE, HY my

+ 2D HY, + =P @) 68)

z
N v-1 -1

and

AR = 2 [4mlsz51)H£1)le(z) v( )1 +21m¢£ Y H§1>
< (HPHP + HP, 2)HP,)
, zZ, (2 2 1 1 1 1
+2imy s B2, HY (HVHD + Y, () B
z\2 1 1 1
- (ot o)
< (HPHP + 1P, 2)H?, )| (69)

Since
det( (k€) A Aké))’?'
k

= det (e(k, 0) — A)(—e(k, 0) — VI — A(k, 0) A" (k

we find eigenvalues

O (70)

A2 — 2(k 2_ o 2, 16
=)+ 8 =+ ) o)
So the dispersion relations

22

which are the same as Klein-Gordon fields of complementary
series obtained in [1]. Recalling that in Minkowski QFT, both
Klein-Gordon field and Dirac field have the same dispersion re-
lation. In de Sitter spacetime, after disentangling and unveiling
all the intricacies of first/second quantization and diagonaliza-
tion, the resulting dispersion relations are still the same. This is
not supposed to be considered coincidental to the authors. To
diagonalize the Hamiltonian, we define &, 8 operators via

X1k
Ck o Kok
( dy ) =M 4{71( (73)
B3k
in which
_ uk(Z) (k-
M= ko u(0) ) 79
where k = k/k and
_ W)+ e(k,Q) e
k0 VIwe(D) +e(k, D12+ [A(K, )2 7
0el(() = —ako) (76)

VIwk(@) +e(k, ) +[A(k, Q)2
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Then

(©) [sh@ax@) + P@Pu(0)] ~2 L@

(77)
According to standard quantum theory of many-body sys-
tems [37], af, (7), Bl (C) generate observed quasi-particles/ ex-
citations. From the inverse

DoRLe

HMM

ak(§) =uk(Q)ck — ok ()l - ordy,, (78)
Bk (8) =vr(O)k - ooy + u(O)di, (79)
we have the anticommutation relations
{ai(01), 40, (02)}

= (ue(G1)ug(G2) + vk (61)0(82)) 8 (k — p) (80)
{aik(C1), Bj—p(C2)}
= (ur(C1)v-p(Z2) — vk (C1)u—p(22))

x k- oije*(k—p) (81)
{Bi-k(21), B]_(C2)}
= (ue(§1)up(Z2) +vk(01)0(22))8° (k — p) (82)

So @ik (G1), Bj—p(C2) do not anticommute if {1 # {p. The mo-
mentum operata

Pi= L k(chen+ did) = DLk [sh(@ain() + b0
(83)

According to our previous definition, p?({) = (wi(Q),
C~1/2(7)k) is the measured 4-energy-momentum. It can be ver-
ified that this measurable energy-momentum satisfies the on-
shell condition p*({)pa({) = mﬁ, and the geodesic equation
p*(Q)Vup'(Z) = 0, which can be written as p"Dyp, = 0,
ie. pt(Aup® — wy® »p?) = 0. Recalling that Erenfest’s theo-
rem proves the classical equation of motion of expected observ-
ables in quantum mechanics, this geodesic feature of measured
energy-momentum can be considered playing a similar role in
quantum field theory in curved spacetime.

5.2. Schrodinger Picture

In Schrodinger picture, we have to use ¢. The canonical fields
are constant and agree with Heisenberg pictures fields at the
chosen time { = /.

ik-x c
BS(x) = yp(L,x) :;AkkzﬁK(k,é)ek ( d’; ) (84)

The second-quantized Hamiltonian is then
H(8%,5,1]
Ly g2pdpat gt

X ( ;’; ) + h.c. (85)

&5 (k,¢) can be obtained from e;(k,{) by replacement g—} —
i%, +iCY2()wy(Z) and z = k{ — k¢ in Hankel functions.

But the factor % in front of Hankel funcitons remain. In the cal-

culation of €1 + h.c., 3—2 is canceled out and does not appear in
the final expression. So we actually have

(k. 0)
_ eénmw [ _ i<H(1)

v—1

(k) HP (ko) + H?, (kﬁ)Hﬁ”) (kt)my

+ 5 (D B, ko) + HO kO HD (k1)) (86)

+%€(H1(,1_1(k€) M (ko) + H (kO)H (k) (87)
Hence
HS(Z, &) = Y Ajk* 4 (cf, df)
k
ss(k,C) As(k,g)fc-cr Ck
. ( Ak, Ok-o —e5(k,Q) ) ( dy )
(88)
So

Z2
wi = A% kw/mfﬁf—z:wk(g) (89)

Similar to Heisenberg picture, using

NS
%k
) =M | g 90
( dp > z:_k (90)
2—k
he
o o (G gy
"\ - QOk-e uS(Q)
and
S W) +€5(k, )
W= O ew ok OE O
S — _As(kré) 93
= sk wor O
then
H5(7)
2
=YY wil(@) a3 (050 + B (DB (D] —2 X wr (@)
k
i=1
(94)
We define |O; )5 s.t
0(0)|0;0)% = BE()]10;0)S =0, VK, (95)
ie.
10;0)° =TTI0k: )} (96)
k
where
03|0k; 0)% = BrlOk; O)3 = 0. (97)
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Denoting |0) as the state s.t. ¢ |0) = df|0) = 0, Vk, since

= _2Z€k

(01H%(2) %(0;¢|H%(2)|0;¢)° = —zzwk

(98)
|0) is therefore not the ground-state. Here we have a system
of fermionic time-dependent oscillators. As the case of Klein-
Gordon field [1], the vacuum states are time-dependent. The
vacuum state at one time will evolve into a non-vacuum state
at a later time. Thus particles can be generated.

We now look for the relation between |0) and |O; 7)S. The
following discussion holds for both Schrédinger picture and
Heisenberg pictures. Since (for convenience, denoting f = d*).

X1k
2wt (%) (99)
1-k Ji
Pak
ie.,
W = Ugc — vk - Uf,:r, ﬁtk = vjk - ocp + ukf;(L (100)
the canonical transformation eq. (90) can be written as
b\ _ 5 K
bt ) uck
By
Up 0 0 kafc o
B 0 i v(k-o)T 0 a
B 0 —vi(k- o) U 0 at
v,’;fc -0 0 0 Uje
(101)
in which
Ck
a
( “ ) —| % (102)
§
k
Compared with [38], we have
T= ( lj ; ) (103)

(e ) o
So
S =: exp[—%quU_quJr - %aYU_lu +at (Ut —=1)al. (105)
Hence we have
10;) = A(0)]0) = @x|Ok; {)k (106)
where
M@ammp;x@wmmw(g>}aw

with 4(¢) = Tl (Z). Denoting v,(f) = Z’;Eg, then
A(Q) = Tk Ar(G) with Ar(§) = A(Z) explrk(§) (], chy) (k -

o) ( Zli )].We need to find 4 ({) by
2

wi(é)(dik,d;k)a%-a)( o )

|4 (8)] 2 = {Ole

%(C)(Chrfﬁk)(fc-ﬁ)< Zlk >

X e 2k 7|0) (108)

Hence we have (7)) = ui(g). We can calculate (O;1|0;(2)
as

= [Tk (Z1)uk(Z2) + 05 (Z1) vk (22))?

k

(0;2110;22) (109)

By direct calculation, one can obtains the following expecta-
tions

(0;¢"|ciejplO; T

= Ok p0ij0x (0" or (§') [ (C")uge (') + v (§")or(C)]  (110)
(0;¢"|did],|0; ")

= 01, p0ij05 (") 0ic(T) [ur (T ur (T') + 0 (" )oie(T)]  (111)
(0;¢"|chd},10;¢') =0 (112)

(0;¢"|cidp|0;7')
=0k A ()AL - 7 (@) (k- )i [L + 75 ()7 (Z))] (113)

As is wellknown in QFT, generation functions can be used
to evaluate these expectations. Using the fermionic coherent

states |z, w) = e #+/'%|0), we have
(0leY" @) fier g igf et i€ el euf] o)
- / dz* dzdw* dweW (114)

where

W = —zfz; — wiw; + v (" )wioyjzj + Az + pjw; + wj
+zi A+ (0 oyjw] (115)

Letting w* = u and denoting y = ( il ),] = ( );* ),then
1 st

W can be written as

W :x*( o 'V]I(f)z" )x+f*x+x*1 (116)
Therefore
(Ol € fisicighicignt fipfsget N @ eleu! gy
_ det@e T = det@e- T ENEN O (117
where e (D)
0= ( 7*(517)17 Ipx2 ) (118)
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Using eq. (110)-eq. (113), one can calculate
(0;¢"10;7")
1+ 78" (2)

X [ (C1) + 0k (G) 7R (C)] [ (G2) + 0% (G2) 7 (E)]63; (119)
(0;2"10;")

(0;7"|Bi- (Cl)ﬁ] x(22)|0;7") = W
x [uge(C1) + 0 (G0 Y (] [ (82) + 05 (22) 1ic ()65

(O (@) 1(2)10:0) = oS ke
x [ (G1) + ()7 (@) vk (G2) — ur(G2) i (C)] (121

Expectations of more «,  operators can be evaluated by the fol-
lowing generation functionals.

(0;¢" |k (61)afi (62)|0; ) =

(120)

6. GENERATION FUNCTIONAL OF
VACUUM EXPECTATIONS

We define generation functional
2[6,6%,p,0%¢", ']
= H k(0p; " [e] oK)

X ef d'7 k gfdﬂ .Bfk(ﬂ/)PkWI) |Ok; €,>k

The 6, (77), 8;(17), ox (1), 0 (17) are external Grassmann c-fields
and are independent of each other, instead of being mutually
complex conjugate. For a particular k, we define

z[6,6%,0,0%C", ?']
=k (O g"|efd'79
« eJ dnoi(n’

(1) g.J dnec O ()

(122)

(1) o dneci6x(n)
1) e 1B )Pk (0) |0y ¢y
= <0k;g”|€f dﬂefk(ﬂ)[”k(V)Cik*vk(ﬂ)’%'ﬂ'imdmk]
w el dn[u(n)ch—vi (n)d}y k-0 )63 (1)
x o) P (1) (0410 i )
w oJ @' [0x (1 V-0 jucuictuic (' )i () |0k ')k (123)

Denoting
[u] = /d’79k Jur(n), 0%[0] = /d’7972 Jor (1),

/ i () ug (1 / o ()vi(n)  (124)
then (omitting kin ¢, f,v,u, 0, p, 7y for notational convenience)
200,60, 0,0%8", ']
—1 (O; "0 1107 1RO f, o= o (k- i 0"}, )
5 oSn(Onlt] =007 [0]) ,—p; (0" - ucu o f 1] |0k; T')k
(125)
So
2[0,0%,0,0%:0", ]
— o b7 [0l i, [u] =67 [0]6:[0"] p—pi[0" k- 01 [u] +-0i 0" ]} [0]

k (Or; 7" exp [Afci + V?fi] exp [CQ‘L/\i +f1-+ﬂi] |0k Tk
(126)

where
A =67 [u] — pj[o*)k - i) (127)
Ai = 6iu] — k- o7 [0] (128)
ﬂ =k- 0 i0;[0"] +Pm[”] (129)
pom = pm[u] + 6] []k - @iy, (130)
From eq. (117), we have
Zk [9’ g*lp, p*;g//, é’/}
= ﬂ(é”)ﬂ(g’)g—(’? [V]k- O imp}, [1u] =67 [0]6: [0"]
e~ Pilv k0 b [ul+0i[0° 107 [0] gor @~ 1+ (E)1(E) 1 T'O)
(131)
In particular, we have
2.[0,0%,0,0;",¢') = a(g")a()e O 6]
x det@e~ (17 (@)@ (132)
with
JtO] = —6; [u]6;[u] — v*(")6; [0]6; [u]
— (867 [u]6;[v*] + 67 [0]6;[0"] (133)
and A7 = 0[], A; = 6i[ul, 1y, = k- 0ii[07], s = 670l

Tim, Wik} = 07 [0]6;[v*]. The previous amplitudes eq. (119) can
be therefore evaluated.

7. TRANSITION OF STATES OF FREE
DIRAC FIELD

As in conventional quantum field theories [30], suppose that
at time {p, the system is in a vacuum state, the state at {, has
some computable probability to contain multiple particles. In
Schrodinger picture, the state

[¥o(Z2:01))S = T i HE@EDME M 67 hs (134
is a formal solution to
iVo[¥0(5:01))° = H(E(x),§(x);¢)[¥0(2:01))°  (135)

|0; ¢1)S. The transition
m }:6)®

with initial condition [¥o({1;1))° =

amplitude from state |{n}'§,n€k};§1)s to state |{mg,
is given by

mP 1:02)%)

DEDW )00 (136)

T ({0 1:20)S = |{m,m

= S, mP ;g e

For a particular k,

T(|ng,nP ;000§ — m,mP G 0)%)

= S, m ; gy Fo RN N0 +B5 B )2}y

x [nd,nP 0% (137)
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Slicing the time as 11 = {1,1; = 1j-1 — 4,4 = b

2/’7N = §2~

(|, nP 2003 — |, mP 1 00)3)
= Jim i(Tni,m’ik;Czl
% e—iwk(qwq)[wi*(an)ai(ﬂw—l)+15ka(77N—1)5sfk(’7Nf1)_2]eg(’7Nfl)A

=iy (i1n-2) [0 (7n—2) G (1n—2) + B (n-2) B 4 (11n—2) = 2] (31n—2) A

X e
. ,eiwk(’?1>[“if(m)“i(ﬂl)'*-ﬂsfk(ﬂl)/5§k(ﬁl)—2]€?(ﬂ1)A

w o~k (110) [ (1) (170) B, (110) B (110) —2] € (110)

A 0
i S s 0

w o~k (mn-1) [ (n-1)ag (n-1) +B% (1v-1) B (7n-1) | (11n-1) A
w o~k (nn-2) [0 (n-2)af (n-2) +B% (1v-2) B (1n-2) | (115 -2) A

o el () [at (r) e (m) +B%5 (1) B2 (1m) | e (m ) A

% e—iwk(ﬂo)[WE’L(WO)@(WOHﬁi(WO)ﬁi (10)]€2 (110)A n%, n _k;§1>i
(138)
Using coherent states j = 0,1,--- ,N
l2jkszjok) = ERE ) Z1BN 00 |0 ) (139)

T (Ing, nfk;é'l)i — |my, mﬁ_k;C;:);S()

el 0 d " N
= lim e e womez () '7/ | |dz- dz’,
k44K
N—o0 =0 ]
My * M

X ZNk ok €XP [—Z(kZok]
X Hexp [*kazjk +ZjZj1k — iwk(ﬂjfl)z;ﬂkzj—lkeg(’?jfl)A}
i=1

N

m_ *M_
X / [Hdz]-_kdz;‘k] N Mezo i exp [~z kzo—k]

j=0
N
X H exp [ — z]’-‘_kz]-,k + Z;—kzjfl,fk
=1

- i“’k(Ujfl)z;“_kzjfl,fkeg(ﬂjfl)A] (140)
which can be written as a path-integral by shorthand. It is easy
to see that starting from a vacuum state at {j, the state will
evolve into a mixed states at later time {», which is not unusual
for systems in external fields in Minkowski quantum field the-
ories [30] and time-dependent harmonic oscillators [23]-[28].

8. PERTURBATION

In parallel with the discussion of A*-theory in [1], we present a
formal discussion of an interacting Dirac field.

L =L+ L@, Preh) (141)

where %)) is the Lagrangian of free Dirac field eq. (1) and %}, is
the interacting Lagrangian such as current-current interaction.
The full Hamiltonian is

Hly, ;7] (142)

=Holy, ¥; ] + Hi[y, ¥; ]

of which /) is the Hamiltonian eq. (26) of free Dirac field and
A = — Lo, W5 ). In terms of fields ¢, &, the Schrodinger
state follows

= H[&5(x), &5 (x); Z][¥(0))®

where the free part of H[¢S(x), 5 (x); ] is defined as in eq. (35)
and the interacting part is supposed to be appropriate substitu-
tion of ¢, ¢ into .4. Defining Dirac picture state

iVol¥(2))® (143)

¥ (2))P := T—leifrg Hg('?)fg(ﬂ)dﬂw(g»s

hence the two pictures coincide at time { = £,|¥(£))S =

(144)

['¥(¢£))P we thus have equation of motion
iVo[¥(0))P = HP(2)[¥(2))° (145)
where
HP(8) = Up (& OHF (DU (E,0) (146)
with ,
US(", ¢y = e E HRE 147)
The Dirac picture field and operators are defined
¢P(gx) = U5~ 1L OB WUF(E, 0) (148)
HP(€) := U5~ (& OH (DU (Z,0), (149)
from which it follows that
ie§ (2) ch<§ x) = [P(¢, %), Hy) (150)
6(0) 5 gé‘D(C x) = [§P(g,x), Hp) (151)

Hence &P(Z,x), &P (g, x) follow equation of motion of a non-
interacting field, of which the time-dependence was discussed
previously. Defining

ot 5 HP (el )y

ug”,¢) = (152)
we have
u(l))Jr(é—/// é—/) _ Tflei ffr” HE(’?)‘?Q(*J)dW _ u(]))*l (g//, g/) (153)
Further, by definition eq. (149) of H(])) (), we have
HP (§)e2(¢) = Uy~ (, 0)idgUg (¢, ) (154)
Therefore
iUy (6, 0) = —HR (D2 (U515, 0) (155
Hence we have the following relations
us=1(z,0) = gl Ji HE (1)l () (156)
Ug’(é’,g) — T*lg*i.f}g HE (7)€ (17)dy (157)
o=t [ HI e n)dy _ §—1,~i [} HY ()ed ()dn (158)
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we have inverse transformation

HS() = -1, [} HE(U)@?(W)MH(I)D@)TEI‘ I HR (1) (p)dy (159)

W ()8 = T le S HEONE0an g 7)yD

Suppose at the initial time { = /, the system is in the eigen-
state |A; ()5 of H5(¢), then interaction is turned on adiabati-
cally. At time { = 0, the interaction is turned off and the state
evolves into a state which can be expanded in terms of eigen-
states {|B;0)5} of H5(0). The probability of the transition is the
square of the amplitude §(B; 0|US(0, £)| A, £)§ [39, p.323], where
the Schrodinger picture evolution operator is

(160)

1 JE2 HO ()2 (n)dy

US(02,01) =

For a free field, we have

(161)

g<B;o\Te*iff Hyes(ndn| 4, )3,

(162)
which was discussed previously. In the interacting case, in
terms of Dirac picture

S(B;OJUS(0;0)|A, 0)§ =

_ et JEHP()

71 _ljz Hp (1

f?<”>d”|\1f<e>>D

Q) i I HP0QUnan g )y
(164)

¥ (0)°
¥(2))° =

(163)

Hence we have expression of Schrédinger picture evolution op-
erator using only Dirac picture operators
~1,=i JEHP (g

e ()i =i [ HP (1)e()dy

us(g,e) =

and [¥(2))S = US(Z,¢)[¥(£))S. We have the transition ampli-
tude [39, p.484]

(165)

S(B;0|US(0, £)|A-£>S

8 (B; 0Tt i HRNLAnpo—i [T HP (B0 4, )3 (166)

This is the basis for perturbational calculations since the sec-
ond factor can be expanded in terms of powers of interact-
ing parameter in 4. In this relation, dependence of fields in
HP on time is the same as in the Heisenberg fields in the

non-interacting case while Hg is the same as in Schrodinger
fields in the non interacting case. HP is supposed to be ex-
pressed in terms of ax(0)at(0), B (C), BL.(C) while HS in terms
of ak( 0),u ( ), ﬁk( 0), ,B,s;(g ). These two set of quasi-particles
operators are related to cy, c,t, di, d; in two different ways.

9. LOCAL LORENTZ COVARIANCE

For free Klein-Gordon field, we can define, using the stress-
energy tensor

Ty = VupVop — guvLp (167)

that

Ha = /Z.dUVeZT;W = /Zdvgeg(@b(pvaq; — 77ab«>%p) (168)

10

then (do¢ = g%do, = C*1C2d3x,eé’ = (58C1/2,g';:gk — 8Kk =
i(2m)~3722%) [1]

Hy=H
Hy = [ dcted 9,909 = CT12(Q)

(169)
(170)

i +

' Z k ia ktZ k
k

Hence we have local Lorentz covariant Heisenberg equation

(9, Hal

and H, is precisely the measured 4-energy-momentum in frame
eya- If the quantization is implemented using a different
= A b(x)eyb, the resulting H) will be dif-
ferent and relation H) = A, ”H, holds only when A is a global
transformation. So in general, H, will not be the measured
energy-momentum by a local observer at x. Instead, the mea-
sured energy-momentum of a quanta should be boosted by
A(x),ie, Ag b (x)Hy. Therefore, though the quantization can be
implemented in any Lorentz gauge, the measured local phys-
ical quantities should be related to a particular choice of vier-
bein. This is expected [40]-[41].

For free Dirac field, we use

iVap = (171)

Lorentz gauge, e,

i _
T = 5 (F1aiDup DV vechy) — gy (A7)
and define
H, = /Z dotel T, 173)
Then we have
Ho = Hopy (174)

and

H, = %/ dag(ﬁ'ybege;,Dilp—Esi'ybegefl,lp)
TPOLAM @@ +pk@FLE) (17

Using
Py = 3, (Flmny) — phmDuy  (176)
we have
Doy = [, Hal,

which shows both general covariance and local Lorentz covari-
ance.

177)

10. DISCUSSIONS

General relativity and QFT are two pillars of modern theoreti-
cal physics. As a preamble of a complete unified quantum the-
ory of gravity and matter systems, quantum field theories in
classical curved spacetimes have long been called for. Follow-
ing our previous work, we here proposed a generally covari-
ant framework for quantizing Dirac field in de Sitter spacetime.
The framework is formulated in conformal coordinate which is
specifically chosen. It can be transformed into other coordinate
systems x’. The fundamental solutions will still be labelled by
quantum numbers k but the functions will take a more com-
plex appearance depending on the coordinates x’. The surfaces
Y. will be defined by functions { = {(x’') = Const. In the new
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coordinate system x', the time-dependence becomes actually X-
dependence.

As our previous work on Klein-Gordon field, our frame-
work of quantizing Dirac field is covariant under both gen-
eral coordinates transformations and Local Lorentz trans-
formations. This framework provides many quantum con-
cepts in parallel with the standard quantum field theories in
Minkowski spacetime. Our approach is fundamentally differ-
ent from other discussions in the literatures. Two features show
consistency of our approach with standard QFT in Minkowski
spacetime and general relativity. The energy of free particles
are the same as Klein-Gordon fields. The measurable energy-
momentum 4-vector satisfies geodesic equation.

Our framework also enjoys the three traditional pictures:
Heisenberg, Schrodinger and Dirac in an extended fashion. The
Hamiltonians in Heisenberg and Schrédinger pictures are not
identical anymore and so are not the non-interacting Hamilto-
nians of Dirac and Schrédinger picture equal. Yet, we can nev-
ertheless devise a way to calculate perturbatively the impact of
interaction provided the coupling is weak.
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