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Abstract
We develop an A4 × Z4 × Z2 symmetry model of neutrino masses and mixings within the minimal ex-
tended seesaw mechanism where three right-handed neutrinos νR1, νR2, and νR3 and a keV-scale singlet
sterile neutrino S are added to the Standard Model. This model breaks µ-τ symmetry of the neutrino mass
matrix and successfully explains leptonic mixing with nonzero θ13. We study the phenomenological results
of the keV-scale sterile neutrino as a dark matter candidate by calculating the relic abundance and its de-
cay rate to active neutrinos. Significant results are also observed for solar and atmospheric mixing angles
within the 3σ bounds, sum of the active neutrino masses (∑ mi < 0.12 eV), and effective neutrino mass from
neutrinoless double beta decay, meff ∼ (0.001174–0.004367) eV for NH and meff ∼ (0.04766–0.05088) eV for
IH.
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1. INTRODUCTION
The observation of Higg’s boson at the Large Hadron Collider
(LHC) has successfully validated the Standard Model (SM)
of particle physics. However, discoveries of solar and atmo-
spheric mixing angles in SNO [1, 2], SK [3], etc. indicated the
presence of nonzero neutrino mass and their oscillation be-
tween different flavors. Some other evidences such as the exis-
tence of dark matter (DM), matter-antimatter asymmetry, pro-
vide the need to go beyond the theory of SM (BSM). Among
many hot problems in particle physics, the origin of flavor
structure, Dirac CP-violating phase, absolute neutrino masses,
neutrino mass hierarchy, and Dirac or Majorana nature of neu-
trino are extremely studied in the current scenario.

The extension of SM through discrete symmetry is one of
the most interesting approaches in realizing the flavor structure
of neutrino mass [4]. In particular, A4 symmetry along with ad-
ditional Zn groups can provide a way to understand the un-
derlying the symmetry of neutrino mass matrix, nonzero θ13,
Dirac CP-violating phase, etc. by considering Higgs-type scalar
flavons [5, 6, 7, 8]. However, the addition of a number of flavon
fields and additional symmetry groups are the main drawbacks
of such approaches in neutrino model building.

Cosmological and astrophysical measurements have as-
sured the presence of a mysterious, nonbaryonic, nonluminous
matter, called dark matter which accounts for 26.8% of the total
energy density of the Universe [9, 10]. In spite of the strong evi-
dences for the presence of DM, the fundamental nature of dark
matter, i.e., its origin, its constituents, and interactions, is still
unknown. According to the latest Planck data [11], the relative
abundance of DM in the Universe is observed as

ΩDMh2 = 0.1187 ± 0.0017. (1)

The requirements of a DM particle [12] rule out all the SM
particles. One of the most interesting BSM particles which be-
have as a warm dark matter (WDM) is the sterile neutrino. Par-
ticularly, sterile neutrinos with masses in the keV range hav-
ing very small mixing with the active neutrinos of the order

of sin2 2θ ∼ O(10−10) act as a dark matter [13, 14, 15, 16].
Dodelson-Widrow mechanism [17] provides the correct abun-
dance of keV-scale sterile neutrinos as dark matter. The result-
ing relic abundance is proportional to the active-sterile mixing
angle and mass of the sterile neutrino as

ΩDMh2 ≃ 0.3

(
sin2 2θ

10−10

)( ms

100 keV

)2
. (2)

Sterile neutrinos can radiatively decay into an active neutrino
and a monoenergetic photon through νs → νa + γ. The decay
width is given by [18]

Γ = 1.38 × 10−32

(
sin2 2θ

10−10

)( ms

keV

)5
s−1, (3)

where sin2 2θ = 4 ∑i=e,µ,τ |Vi4|2 is the effective active-sterile
mixing angle and ms is the mass of the sterile neutrino. This
rate is very small, and the sterile neutrino lifetime is sufficiently
large and exceeds the age of the Universe, so that the keV-scale
sterile neutrino is a good DM candidate. There are constraints
on the mass and mixing of the keV-scale sterile neutrino pro-
vided by X-ray, Lyman-α forests, Tremaine-Gunn bounds from
phase-space analysis, etc. Combining these constraints, we can
infer that the mass of the sterile neutrino should be ms ≥ 4 keV,
and its mixing with SM neutrinos should be sin2 2θ ≤ 10−6

[19].
Many authors have also discussed keV sterile neutrino dark

matter based on different models [20, 21, 22]. Particularly, in
[22], the authors considered different sets of five flavons ex-
tended with another two flavons for the perturbation terms
separately for normal heirarchy (NH) and inverted heirarchy
(IH). The present work is different and more efficient in the
fact that we use less number of flavon fields and we try to ad-
dress both NH and IH from a single neutrino mass model. Our
model is based on A4 ×Z4 ×Z2 by extending the SM with three
A4 singlet right-handed neutrinos νR1, νR2, and νR3 and a sin-
glet chiral field S in the 3+1 Minimal Extended Seesaw (MES)
scheme [23]. The present letter is organized as follows. Section
2 gives a detailed description of the model followed by the nu-
merical analysis in Section 3. We conclude in Section 4 with a
brief summary.
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Fields l eR, µR, τR H H′ H′′ ψ ϕ χ ζ νR1 νR2 νR3 S η

SU(2)L 2 1 2 2 2 1 1 1 1 1 1 1 1 1
A4 3 1, 1′′, 1′ 1 1′ 1′′ 3 3 1 1′′ 1 1 1 1′ 3
Z4 1 1 1 −i i 1 −i 1 −1 i −1 1 −i −i
Z2 1 1 1 −1 1 1 1 1 −1 1 −1 1 −1 1

TABLE 1: Particle content of the model and their group charges.

2. THE MODEL
In this model, we extend the SM with A4 symmetry supple-
mented by Z4 and Z2. The SM lepton doublet l transforms as a
triplet under A4 while the right-handed charged leptons trans-
form as singlets. Two A4 singlet Higgs H′ and H′′ are used
along with the SM Higgs H. Three flavon fields ϕ, ψ, and η
which transform as triplet under A4 are considered in which
η is responsible for the breaking of µ-τ symmetry in the neu-
trino mass matrix. Two more A4 singlet flavons χ and ζ provide
the masses for heavy Majorana neutrino mass matrix MR and
sterile neutrino mass matrix MS, respectively. The full particle
content and their group charges are given in Table 1.

The invariant Lagrangian density for leptonic interactions
is given by

−L ∼ ye

Λ

(
lHψ

)
1

eR +
yµ

Λ

(
lHψ

)
1′

µR +
yτ

Λ

(
lHψ

)
1′′

τR

+
1
Λ

(
y1lH̃ϕ + y3lH̃η

)
1

νR1

+
1
Λ

(
y1lH̃′ϕ + y3lH̃′η

)
1

νR2

+
1
Λ

(
y4lH̃ψ + y2lH̃′′ϕ + y3lH̃′′η

)
1

νR3

+
1
2

λ1χνc
R1νR1 +

1
2

λ2χνc
R2νR2 +

1
2

λ3χνc
R3νR3

+
1
2

λsζSc
νR1.

(4)

After electroweak symmetry breaking, the flavon fields ob-
tain their vacuum expectation values (v.e.v.) along with align-
ments given as

⟨ψ⟩ = (v, 0, 0); ⟨η⟩ = (0, v, 0);

⟨ϕ⟩ = (v, v, v); ⟨χ⟩ = v; ⟨ζ⟩ = u.
(5)

In order to study sterile neutrinos in a keV scale, we consider
an approximate scale of the flavon v.e.v and the cutoff scale Λ
as follows:

v ∼ 1014 GeV, u ∼ 10 TeV, Λ ∼ 1015 GeV.

Using the multiplication rule of A4 [4], the charged lepton mass
matrix becomes diagonal:

ML =
⟨H⟩v

Λ
diag

(
ye, yµ, yτ

)
. (6)

The Dirac, Majorana, and sterile neutrino mass matrices be-
come

MD =

 a a c + h
a a h

a + t a + t h + t

 , MR =

d 0 0
0 e 0
0 0 f

 , (7)

Ms = (g 0 0), (8)

where

a =
⟨H⟩v

Λ
y1, h =

⟨H⟩v
Λ

y2, c =
⟨H⟩v

Λ
y4, t =

⟨H⟩v
Λ

y3,

d = λ1v, e = λ2v, f = λ3v, g = λsu.

In the MES mechanism, the (3 × 3) active neutrino mass
matrix mν and the sterile neutrino mass ms are given by

mν ≃ MD M−1
R MT

S

(
MS M−1

R MT
S

)−1
MS

(
M−1

R

)T
MT

D

− MD M−1
R MT

D;
(9)

ms ≃ −MS M−1
R MT

S . (10)

Using equations (7)–(10), the active and sterile neutrino mass
matrices become

mν= −


a2

e + (c+h)2

f
a2

e + h(c+h)
f

a(a+t)
e + (c+h)(h+t)

f
a2

e + h(c+h)
f

a2

e + h2

f
a(a+t)

e + h(h+t)
f

a(a+t)
e + (c+h)(h+t)

f
a(a+t)

e + h(h+t)
f

(a+t)2

e + (h+t)2

f

,

(11)

ms = − g2

d
. (12)

The full (4 × 4) active-sterile mass matrix is diagonalised by a
unitary (4 × 4) mixing matrix given by [24]

V ≃
((

1 − 1
2 RR†

)
U R

−R†U 1 − 1
2 R†R

)
, (13)

where R represents the strength of active-sterile mixing given
by

R = MD M−1
R MT

S

(
MS M−1

R MT
S

)−1
=


a
g
a
g

a+t
g

 . (14)

3. NUMERICAL ANALYSIS AND RESULTS
The active neutrino mass mν is diagonalized by a (3 × 3) uni-
tary matrix U as

mν = Umdiag
ν UT . (15)

where mdiag
ν = diag(m1, m2, m3).

For NH, m1 = 0, m2 =
√

∆m2
21, and m3 =

√
∆m2

21 + ∆m2
31

and for IH, m1 =
√

∆m2
31, m2 =

√
∆m2

21 + ∆m2
31, and m3 = 0,

where ∆m2
ij = |m2

j − m2
i |.

In PDG convention [25], U is parameterized using three
mixing angles θ12, θ13, and θ23, one Dirac phase δCP, and two
Majorana phases α and β.
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Parameters NH (GeV) IH (GeV)
|a| 0.46–0.60 1.09–1.44
|c| 2.53–4.72 5.43–6.61
|t| 0.80–1.59 0.10–3.14
|h| 3.20–3.94 1.11–2.71

TABLE 2: Allowed ranges of model pa-
rameters in both NH and IH.

For numerical analysis, we consider nondegenerate values
of heavy Majorana masses d = 1014 GeV, e = 1011 GeV, and
f = 5 × 1011 GeV, and the two Majorana phases α and β are
varied in the range (0, 2π). We solve the model parameters a,
c, t, and h from equation (15) using the 3σ values of the mixing
angles, mass-squared differences, and Dirac phase δCP from the
latest Nufit data [26] for NH as well as IH. The detailed param-
eter space for both mass hierarchies is shown in Table 2. The pa-
rameters are further constrained by the Plank upper bound on
the sum of active neutrino masses ∑ mi < 0.12 eV [27] and 3σ
bounds of the neutrino mixing angles θ12, θ13, and θ23. The re-
maining parameter g is solved by constraining the sterile neu-
trino mass in the range ms = (1–18.5) keV.

3.1. Neutrino Phenomenology
It is observed in our analysis that the active-sterile mixing is
very small, as shown in Figure 3. As a result, we can ignore the
effects of sterile neutrino on the active neutrino mixing angles.
The three neutrino mixing angles can be determined from the
elements of the unitary diagonalizing matrix U as

sin2 θ13 = |U13|2,

sin2 θ12 =
|U12|2

1 − |U13|2
,

sin2 θ23 =
|U23|2

1 − |U13|2
.

(16)

The variation plots of the mixing angles sin2 θ23, sin2 θ12 with
sin2 θ13 for both NH and IH are shown in Figure 1. As we can
see from the plot, more data points of the mixing angles are
obtained in case of NH compared to IH within the experimen-
tal bounds. For octant degeneracy of θ23, we can see that data
points are concentrated more in the region of sin2 θ23 > 0.5.
This implies that our model predicts the higher octant of θ23.
Figure 2 shows the variation of active neutrino masses mi with
sum ∑ mi. It is found that the splitting between m2 and m3 is
large in NH compared to the splitting between m1 and m2 in
IH. The upper bound on ∑ mi is also larger in case of IH than
NH.

We also study the perturbativity as well as nonunitarity ef-
fects of active-sterile mixing. It is observed that the Yukawa
couplings are in the acceptable range of (10−4–10−1). As a re-
sult, the perturbativity condition for the Yukawa couplings is
not affected by the active-sterile mixing. The non-unitarity ef-
fect is measured by the parameter RR† and it is also found to
be very small, i.e.,

|RR†| ≤ 10−9 for NH,

|RR†| ≤ 10−8 for IH.
(17)

Moreover, the study of effective neutrino mass meff from neutri-
noless double beta decay(0νββ) is also one of the most impor-
tant parameters in neutrino physics. Combined bounds from
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FIGURE 1: Variation among mixing angles. Blue points repre-
sent the plot of sin2 θ13 with sin2 θ12 while the red points repre-
sent the variation of sin2 θ13 with sin2 θ23.
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FIGURE 2: Variations of active neutrino masses mi with the sum
of active neutrino masses ∑ mi for NH as well as IH. Here, m1 =
0 for NH while m3 = 0 for IH.
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FIGURE 3: Variations of effective mixing angle sin2 2θ with ele-
ments of active-sterile mixing strength R.

KamLAND-Zen and GERDA experiments provide an upper
limit on meff in the range 0.071–0.161 eV [28]. We calculate the
effects of keV sterile neutrino in 0νββ as

meff =

∣∣∣∣∣∣
4

∑
j=1

∣∣∣∣∣∣Vej

∣∣∣2mj

∣∣∣ . (18)

The results of our analysis for both NH and IH are

meff = (0.001174–0.004367) eV for NH,

meff = (0.047662–0.050885) eV for IH.
(19)

3.2. Dark matter
In order to study the keV sterile neutrino as dark matter, we
need to calculate the decay width (Γ) of the sterile neutrino de-
cay to SM neutrinos and its relic abundance (ΩDMh2) in the
early Universe using equations (3) and (2), respectively. Fig-
ures 4 and 5, respectively, show the variation of Γ and ΩDMh2

with dark matter mass mDM. In our analysis, we have consid-
ered the upper limit of decay width to be O(10−27) sec−1 so
that the sterile neutrino behaves as a dark matter. From Figure
4, it is found that the allowed mass range for sterile neutrino
is very narrow ms ∼ (1–5) keV for IH whereas we observe a
wider range of allowed sterile neutrino mass ms ∼ (1–8) keV
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FIGURE 4: Variations of decay rate with dark matter mass in
NH and IH. Here, MDM = ms.
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FIGURE 5: Variations of relic abundance parameter ΩDMh2 with
dark matter mass in NH and IH. Here, MDM = ms.

in case of NH. Similarly, based on the plots of relic abundance
in Figure 5, we find that in the case of NH, a wider mass range
is observed (4–15) keV to be consistent with the current best-fit
value given in equation (1), whereas a stricter range for ms in
the range (1–5) keV is observed in case of IH. This result for IH
is also consistent with the bound from analysis of decay width
given above.

4. CONCLUSION
We built an A4 symmetry model supplemented by Z4 and Z2 to
study neutrino masses and mixings in both NH and IH cases, as
well as keV-scale sterile neutrino DM in MES framework con-
sidering five scalar flavons. The predicted neutrino masses and
mixings are compatible with recent neutrino oscillation data
and the cosmological upper bound ∑ mi < 0.12 eV. The decay
width of the keV sterile neutrino as well as its relic abundance
are calculated and it is found to satisfy the requirements of a
sterile neutrino to be DM candidate for a narrow range of mass.

CONFLICTS OF INTEREST
The authors declare that there are no conflicts of interest re-
garding the publication of this paper.

ACKNOWLEDGMENTS
The work of M. K. Singh is supported by the INSPIRE, Dept. of
Science and Technology, Govt. of India, Grant No. IF180349.

References
[1] Q. R. Ahmad et al. Measurement of day and night neu-

trino energy spectra at sno and constraints on neutrino
mixing parameters. Phys. Rev. Lett., 89:011302, Jun 2002.

[2] SnO Collaboration et al. Direct evidence for neutrino fla-
vor transformation from neutral-current interactions in

the sudbury neutrino observatory. arXiv preprint nucl-
ex/0204008, 2002.

[3] S. Fukuda, Y. Fukuda et al. Constraints on neutrino oscilla-
tions using 1258 days of super-kamiokande solar neutrino
data. Phys. Rev. Lett., 86:5656–5660, Jun 2001.

[4] Hajime Ishimori, Tatsuo Kobayashi, Hiroshi Ohki, Yusuke
Shimizu, Hiroshi Okada, and Morimitsu Tanimoto. Non-
abelian discrete symmetries in particle physics. Progress of
Theoretical Physics Supplement, 183:1–163, 2010.

[5] Guido Altarelli and Davide Meloni. A simplest a4 model
for tri-bimaximal neutrino mixing. Journal of Physics G:
Nuclear and Particle Physics, 36(8):085005, 2009.

[6] Minjie Lei and James D Wells. Minimally modified a 4
altarelli-feruglio model for neutrino masses and mixings
and its experimental consequences. Physical Review D,
102(1):016023, 2020.

[7] Ernest Ma. Soft A4 → Z3 symmetry breaking and cobi-
maximal neutrino mixing. Phys. Lett. B, 755:348–350, 2016.

[8] Mayengbam Kishan Singh, S. Robertson Singh, and N. Ni-
mai Singh. Active-Sterile Neutrino Masses and Mixings
in A4 Minimal Extended Seesaw Mechanism. Int. J. Theor.
Phys., 61(9):228, 2022.
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Michele Maltoni, Thomas Schwetz, and Albert Zhou.
The fate of hints: updated global analysis of three-flavor
neutrino oscillations. Journal of High Energy Physics,
2020(9):1–22, 2020.

[27] Nabila Aghanim, Yashar Akrami, Mark Ashdown, J. Au-
mont, C. Baccigalupi, M. Ballardini, A. J. Banday, R. B. Bar-
reiro, N. Bartolo, S. Basak et al. Planck 2018 results-vi. cos-
mological parameters. Astronomy & Astrophysics, 641:A6,
2020.

[28] M. Agostini, A. M. Bakalyarov, M. Balata, I. Barabanov,
L. Baudis, C. Bauer, E. Bellotti, S. Belogurov, Alice Bettini,
L. Bezrukov et al. Improved limit on neutrinoless double-
β decay of 76Ge from gerda phase ii. Physical review letters,
120(13):132503, 2018.

5


