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Abstract
We review the issue of dark energy, namely, the late-time cosmic acceleration. There are two representative
approaches to resolve it. One is to introduce an unknown energy component, the so-called dark energy.
The other is to consider the modification of the gravity theory, i.e., general relativity, on large scales. In
addition, we shortly mention our recent related work of an autonomous system analysis for homogeneous
and anisotropic Bianchi-I spacetimes in f (R) gravity. It is shown that only for the case of R2, there exists a
stable de Sitter solution (the solution of the Starobinsky inflation).
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1. INTRODUCTION
According to recent various cosmological observations includ-
ing Supernovae Ia (SNe Ia) [1], cosmic microwave background
(CMB) radiation [2, 3], large-scale structure (LSS) [4], baryon
acoustic oscillations (BAO) [5], and weak lensing [6], it has been
known that not only at the inflationary stage in the early uni-
verse [7, 8, 9, 10] but also at the present (late) time, the expan-
sion of the universe is accelerating.

There have been proposed two representative approaches
to explain the late-time cosmic acceleration. The first is to in-
trouce an unknown energy component, the so-called dark en-
ergy, such as the cosmological constant, in the framework of
general relativity. The second is to modifiy (extend) the gravi-
tional theory itself from general relativity in the large scale.
There are a number of modified gravity theories. As one of the
simplest theory, f (R) gravity is known. Here, f (R) is an arbi-
trary function of the scalar curvature R. In addition, cosmolgi-
cal fluid escriptions have been proposed as a possible mecha-
nism of the cosmic acceleration. There have been written vari-
ous reviews in terms of the issue of dark energy and modified
gravity theories account for the mechanism of the late-time cos-
mic acceleration, for example, [11, 12, 13, 14, 15, 16, 17, 18, 19,
20, 21, 22, 23, 24, 25, 26]).

The article is organized as follows. In Section 2, we ex-
plain scalar field models for dark energy. In Section 3, we dis-
cuss modified gravity theories. Among these various theories,
as one of the simplest modified gravity theories, in Section 4,
we describe f (R) gravity. In Section 5, as our recent work in
terms of modified gravity theories, we briefly introduce an au-
tonomous system analysis by using new expansion-normalized
variables for homogeneous and anisotropic Bianchi-I space-
times in f (R) gravity in the presence of anisotropic matter.
Finally, we summarize our considerations in Section 6. Here,
we use units of kB = c = h̄ = 1 and represent the gravita-
tional constant 8πG as κ2 ≡ 8π/MPl

2 with the Planck mass of
MPl = G−1/2 = 1.2 × 1019 GeV.

2. SCALAR FIELD MODELS FOR DARK
ENERGY

There are several approaches to account for the origin of the en-
ergy component of dark energy within the framework of gen-

eral relativity: (i) cosmological constant Λ (for instance, [27]);
(ii) scalar field models such as X matter [28], Quintessence [29]
(reference [30] can be regarded as a pioneering work), Phan-
tom field with a wrong sign kinetic term [31], K-essence with
non canonical kinetic term [32, 33], and Tachyon field predicted
by string theories [34]; and (iii) cosmic fluids including Chap-
lygin gas [35, 36] with the pressure times the energy density
being a negative constant and viscous fluids [37, 38]. Further-
more, holographic dark energy models have been proposed
[39, 40, 41, 42].

In this section, we explain scalar field models for dark en-
ergy in general relativity. The action of scalar field theories in
general relativity is expressed as

S =
∫

d4x
√
−g

(
R

2κ2 − 1
2

ω(ϕ)gµν∂µϕ∂νϕ − V(ϕ)

)
, (1)

where R is the Ricci scalar, g is the determinant of the metric
tensor gµν, ω(ϕ) is a function of a scalar field ϕ, and V(ϕ) is the
potential of ϕ.

For ω(ϕ) = 0 and V(ϕ) = Λ/κ2 with Λ being a cosmo-
logical constant, this action describes the Λ cold dark matter
(CDM) model. Moreover, for ω(ϕ) = +1, this action corre-
sponds to a quintessence model with a canonical kinetic term,
while for ω(ϕ) = −1, this action denotes a phantom model.

We consider the case in which the scalar field ϕ is a spatially
homogeneous one; i.e., it depends only on time t.

In the following, we consider the 4-dimensional spatially
flat Friedmann-Lemaı̂tre-Robertson-Walker (FLRW) metric de-
scribing the homogeneous and isotropic universe:

ds2 = −dt2 + a2(t) ∑
i=1,2,3

(
dxi

)2
, (2)

where a(t) is the scale factor.
In the FLRW background (2), the Friedmann equations are

given by

H2 =
κ2

3
ρϕ, (3)

Ḣ = − κ2

2
(
ρϕ + Pϕ

)
, (4)

where H ≡ ȧ/a is the Hubble paramer and the dot denotes the
derivative with respect to the cosmic time t. Furthermore, ρϕ

and Pϕ are the energy density and pressure of the scalar field ϕ,
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respectively, given by

ρϕ =
1
2

ω(ϕ)ϕ̇2 + V(ϕ), (5)

Pϕ =
1
2

ω(ϕ)ϕ̇2 − V(ϕ). (6)

The equation of a(t) is represented as

ä/a = −
(

κ2/6
)
(1 + 3w)ρϕ, (7)

where w ≡ P/ρ is the equation of state (EoS), defined by the
ratio of the pressure P to the energy density ρ. To realize the
acceleated expansiton, namely, ä > 0, we need the condition
of w < −1/3. According to the Planck data [43], the value
of the EoS parameter of dark energy at the present time is
w = 1.03 ± 0.03. This means that the current cosmic expansion
is accelerating.

3. MODIFIED GRAVITY THEORIES
In this section, we discuss modified gravity theories. There are
a number of proposals for the modifications of gravity theory
from general relativity on large scales to account for the late-
time cosmic acceleration as well as inflation in the early uni-
verse. We raise representative modified gravity theories: f (R)
gravity, where f (R) is an appropriate function of the Ricci
scalar R [44, 45, 46, 47] (for applications to inflationary cos-
mology, see [10, 48, 49]); scalar-tensor theories with explicit
coupling between a function of scalar fields and R [50, 51]
such as the Brans-Dicke theories [52]; the ghost condensate sce-
nario [53]; theories with a higher-order curvature term, e.g., the
Gauss-Bonnet term G with a coupling to a scalar field [54]; f (G)
gravity with an arbitrary function of G [55]; the DGP (Dvali-
Gabadadze-Porrati) braneworld scenario [56, 57]; f (T) grav-
ity, where f (T) is an extended teleparallel Lagrangian density
described by the torsion scalar T [58, 59]; in teleparallelism
(teleparallel gravity), one could use the Weitzenböck connec-
tion, which has no curvature but torsion, rather than the cur-
vature defined by the Levi-Civita connection [60, 61]; Galileon
gravity [62, 63], in which the equations of motion are invari-
ant under the Galilean shift and therefore the equations of mo-
tion can be kept up to the second order; this property is wel-
come to avoid the appearance of an extra degree of freedom
associated with ghosts; Horndeski theory [64, 65], which cor-
responds to the generalization of Galileon gravity; Degener-
ate Higher-Order Scalar-Tensor (DHOST) theories [26]; non-
local gravity [66]; Hořava-Liftshiz gravity [67]; massive gravity
[68, 69, 70, 71]; bigravity [72, 73]; extended Proca-Nuevo theory
[74].

4. F(R) GRAVITY
In this section, as one of the most simplest modified gravity
theories, we describe f (R) gravity (which can also be regarded
as a kind of scalar-tensor theories).

The action describing f (R) gravity with matter is given by

S =
∫

d4x
√
−g

f (R)
2κ2 +

∫
d4xLM, (8)

where LM is the Lagrangian of matter.

The viability conditions for f (R) gravity have been ex-
plored:

(a) the positivity of the effective gravitational coupling,

(b) the stability of cosmological perturbations [46, 75],

(c) the asymptotic behavior to the standard ΛCDM model
in the large curvature regime,

(d) the stability of the late-time de Sitter point [76],

(e) the constraints from the equivalence principle,

(f) the solar-system constraints [77].

The following four viable models are known: (1) Hu-
Sawicki [78], fHS ≡ R − [c1RHS(R/RHS)

p]/[c2(R/RHS)
p + 1],

where c1, c2 p(> 0), and RHS(> 0) are constant parame-
ters (for an extended model, see [79, 80]); (2) Starobinsky [81],
fS ≡ R + λRS[(1 + R2/R2

S)
−n − 1] with λ(> 0), n(> 0),

and RS being constant parameters; (3) Tsujikawa [82], fT ≡
R − µRT tanh(R/RT) with µ(> 0), and RT(> 0) being con-
stant parameters; and (4) Exponential gravity [83, 84, 85], fE ≡
R − βRE[1 − exp(−R/RE)], where β and RE are constant pa-
rameters. It is mentioned that the crossing of the phantom di-
vide can be realized in the above viable f (R) models on the
past and the future [86]. The crossings of the phantom divide
have also been reconstructed analytically [87] and numerically
[88].

5. AN IMPLICATION TO R2 GRAVITY
In this section, we briefly introduce an autonomous system
analysis by using new expansion-normalized variables for ho-
mogeneous and anisotropic Bianchi-I spacetimes in f (R) grav-
ity in the presence of anisotropic matter.

In our recent work [89], we extend the so-called expansion-
normalized variables to write down the dynamical equations of
f (R) gravity for a homogeneous and anisotropic Bianchi-I met-
ric in the presence of an anisotropic fluid, as a 5-dimensional
system of ordinary differential equations. We show that some
further assumptions may lead to considerable simplifications
in the equations, and for several examples, we end up with an-
alytically soluble systems. For the sake of illustration, we con-
sider explicitly the case of f (R) = R1+δ. We demonstrate that
the formulation of [90, 91] is recovered in the isotropic mat-
ter limit. Moreover, in a simpler and more direct way, we red-
erive some uniqueness and stability properties of Starobinsky’s
isotropic inflationary scenario in R2 gravity [92, 93, 94], which
is consistent with the Planck 2018 results [43, 95].

6. SUMMARY
In the present article, we have reviewed the late-time cosmic
acceleration, namely, dark energy problem, and reviewed can-
didates for dark energy and modified gravity.

In [89], we have analyzed the cosmological solutions for
homogeneous and anisotropic Bianchi-I spacetimes in f (R)
gravity under the existence of anisotropic matter. It has been
demonstrated that Einstein’s equations are reduced to an au-
tonomous 5-dimensional system of ordinary differential equa-
tions for new variables. By making the autonomous system
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analysis of the vacuum solutions for the power-law forms of
f (R), we have shown that the dynamics can be solved exactly,
and that only for the case of R2, there exists a stable de Sitter
solution (the solution of the Starobinsky inflation).
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