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Abstract
We present a new parameterization for SU(3)C × SU(3)L ×U(1)X extension of the Standard Model, which
is inspired by E6 symmetry. The new setup predicts all Cabibbo-Kobayashi-Maskawa mixing angles and
quark masses, a total of nine observable variables, within 1–3 standard deviations of the experimental val-
ues with a minimum number of input parameters. A detailed numerical analysis and correlations between
input parameters and predicted quantities are presented. The best global fit benchmark point corresponds
to χ2 ≈ 0.7 with ∀σ < 0.6. The advantages of the new parameterization and future prospects are discussed
as well.
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1. INTRODUCTION
In spite of its effectiveness in accurately explaining electro-
magnetic, strong, and weak interactions, the Standard Model
(SM) has significant unresolved issues, such as the large mass
spectrum and hierarchy of fermions, the small quark mixing
angles, the existence of three fermion families, CP violation,
the origin of neutrino masses, and dark matter. Many exten-
sions of SM have been investigated to address some of these
issues. The so-called 331 models are one of the simplest ex-
tensions, which modify the electroweak gauge group of SM
from SU(3)C ⊗ SU(2)L ⊗U(1)Y to a SU(3)C ⊗ SU(3)L ⊗U(1)X
symmetry (331, hereafter). In the beginning, these models were
presented as a natural explanation for the observed number of
fermion families in nature. Various variants of the 331 model
have been studied in detail to date. This model can be made
anomaly-free in various ways. The 331 model can be made
anomaly-free within the family as in the SM, or in other vari-
ants, it can be made anomaly-free by using all 3 families. The
second approach is very attractive as it may be a natural expla-
nation for the number of families being 3 in the SM.

The 331-based model has been the focus of many studies
and is motivated by solving problems in various phenomeno-
logical applications. For instance, works on a 331 model have
been applied in flavor physics [1, 2, 3, 4], neutrino mass genera-
tion [5, 6], and other phenomenological issues [7, 8, 9, 10, 11, 12,
13, 14, 15, 16]. Furthermore, in view of the well-known W bo-
son mass anomaly, which was reported recently by the Collider
Detector at Fermilab (CDF) Collaboration taken at the Tevatron
particle accelerator [17], a possible connection between W mass
anomaly and the super-symmetric variation of the 331 model
was examined [18]. For recent works on 331 models please re-
fer to [19, 20, 21, 22]. On the other hand, 331-based models
can be viewed as a precursor to grand unification models at
high energy scales [23, 24, 25]. Finally, the 3311 model, which is
an extended variation of the 331 model, has been investigated
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in conjunction with dark matter candidates and neutrino mass
generation mechanism [26, 27, 28, 29].

The mass spectrum and the mixing of quarks are one of the
important unsolved problems of particle physics. Experimental
values of quark masses at the scale of mass of Z boson are listed
as md = 2.67 ± 0.19 MeV, ms = 53.16 ± 4.61 MeV, mb = 2.839 ±
0.026 GeV, mu = 1.23 ± 0.21 MeV, mc = 620 ± 17 MeV, mt =
168.26 ± 0.75 GeV [30], whereas masses in [31] are given at dif-
ferent scales. Experimental limits [30] at MZ = 91.1876 GeV
scale of Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix
are

VW
CKM =

|Vud| |Vus| |Vub|
|Vcd| |Vcs| |Vcb|
|Vtd| |Vts| |Vtb|


=

0.97401 ± 0.00011 0.22650 ± 0.00048 0.00361+0.00011
−0.00009

0.22636 ± 0.00048 0.97320 ± 0.00011 0.04053+0.00083
−0.00061

0.00854+0.00023
−0.00016 0.03978+0.00082

−0.00060 0.999172+0.000024
−0.000035

.

(1)

There are a number of attempts to explain masses and the
relation of CKM matrix elements to them. Somehow param-
eterization of CKM quark and Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) neutrino mixing matrices have always been
very intriguing problems of particle physics. For example,
Wolfenstein parameterization and its various extensions [32,
33] have gotten some attention. Triminimal and tribimaxi-
mal approaches have been also very popular parameterization
methods [32, 33, 34, 35, 36]. A number of particle physicists
used exponential [32, 33], recursive [37], rephasing invariants
[38] parameterizations and unified pameterization of quarks
and lepton matrices [36, 39] and also parameterization involv-
ing eigenvalues [40] can be listed for the mixing matrix param-
eterization. However, this incomplete list of parameterizations
does not try to solve mixing in conjunction with mass hierar-
chy. Recent work on CKM and PMNS parametrization is given
in [41].

The democratic mass matrix (DMM) approach has been
proposed mainly by H. Fritzsch [42, 43, 44, 45, 46] for the SM.
In this approach, all quarks with the same quantum number
behave equally under weak interaction in the up and down
sectors, and they are indistinguishable before the symmetry
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breaking:

M0
u = hu

1 1 1
1 1 1
1 1 1

 , (2)

M0
d = hd

1 1 1
1 1 1
1 1 1

 . (3)

Since there is only one Higgs field in the SM, hu = hd is ex-
pected. In this case, it is naturally expected that mb

∼= mt. The
reason why the masses of these quarks are not close to each
other may be due to the fact that the SM is not the last and most
basic theory. To circumvent this, it was proposed to extend the
SM to 4 families [47, 48, 49, 50, 51]. As can be easily seen in
this model, the mass difference between the t and b quarks can
be explained inherently. However, ATLAS and CMS data ex-
cluded the 4th family [52, 53]. Although the 4th family vector
quark is not excluded by the experimental data, this deviates
from the V-A theory, the natural approach of the SM.

In this paper, we will apply the DMM scheme to the
anomaly-free 331 model for a single family because it is closer
to the SM approach. The 331 model being among the subgroups
of E6 [54, 55, 56] grand unification theory is another advan-
tage of this model. One of the most important features of the
E6 inspired 331 model is the prediction of 3 different Higgs
fields. This means that the up-quark and the down-quark inter-
act with different Higgs fields. The last Higgs contributes to the
mass of the heavy isosinglet quarks. With the DMM scheme, it
will show that the quark masses and the CKM mixing angles of
the SM can be obtained naturally in agreement with the most
recent experimental data.

The extension of the SU(3)L ⊗ U(1)X flavor group with
possible fermion and Higgs-boson representations has been in-
vestigated [57]. Some have studied these extensions as indistin-
guishable duplicates of a family as in SM [54, 58, 59, 60, 61, 62,
63, 64, 65, 66, 67, 68, 69, 70], while others have looked at them as
a multifamily construct [8, 71, 72, 73, 74, 75, 76, 77, 78, 79], im-
plying a natural solution to the problem of SM fermion family
number [7, 11, 80, 81, 82]. Many models lead to flavor-changing
neutral currents [54, 59, 60, 62, 63, 65, 66, 69], right-handed cur-
rents at low scales [69], violation of quark-lepton universality
[58, 65, 66, 83, 84], and flavor anomalies [2]. For instance, some
models studied in [8, 71, 73, 74, 75, 76, 77, 78, 79] lead to phys-
ical inconsistencies which rule them out. Meanwhile, this is in
agreement with the SM phenomenology, with the 3 quark and
3 lepton families, and the anomaly of the model is eliminated
by the addition of quarks carrying exotic electric charges. The
model in [7, 11, 80, 81, 82] is also three-family and is in agree-
ment with low energy phenomenology but does not contain ex-
otic electrically charged fermions. In this study, the quark sector
of well-known E6 inspired SU(3)C ⊗ SU(3)L ⊗ U(1)X model
is considered. It can be renamed in short as Variant-A of 331
model. Details of this variant are given in [85].

In this work, the Variant-A of 331 model is investigated in
the light of DMM. The structure of the paper is as follows: Sec-
tion 2 introduces the 331 model and its variations. The quark
content of the Variant-A is presented. Then, the definition of the
Higgs fields and new gauge bosons of the model and charged
and neutral currents are given. DMM approach is applied to the
Variant-A of 331 model. In Section 3, new parameterization of
the Variant-A is defined. Numerical analysis and obtained cor-

relation plots are presented in Section 4. Section 5 contains the
results of the analysis, more specifically the input parameters
and obtained observable variables for the three most relevant
and important benchmark points. Section 6 discusses the fea-
tures and prospects of the obtained results. Finally, Section 7
concludes the work.

2. 331 MODEL
As mentioned earlier, the SU(3)C ⊗ SU(3)L ⊗ U(1)X model is
one of the minimal extensions of SM. Various submodels of
this model studied earlier [85] contain no exotic electrically
charged particles. Two types of these models are variants (A
and B) [86, 87] that have no triangle anomalies in one fam-
ily, and the other two are variants (C and D) [7, 72, 73, 81]
that have no triangle anomalies in three families. In three-
family models, one has different quantum numbers from the
other two. Here, the electroweak gauge group is supposed to
be SU(3)L ⊗ U(1)X ⊃ SU(2)L ⊗ U(1)Y . It is also assumed
that left-handed quarks (color triplets) and left-handed leptons
(color singlets) transform under the two basic representations
of SU(3)L (3 and 3∗). The gauge boson sector is identical in all
models, but they may diverge in their quark and lepton con-
tents and scalar sector. In this paper, the quark sector of Variant-
A of the one family model is considered. The field content of
the model, given in the coming subsections, is assumed to be
an IR particle content of the E6 inspired and maximally broken
down to [SU(3)]3 → SU(3)× SU(3)× U(1) via a spontaneous
symmetry breaking sequence. The current, 331 level, particle
content is a chiral anomaly free per family, after integrating out
heavier states of E6. Furthermore, the gauge symmetry charges
of the 331 particle content under the SU(3) × SU(3) × U(1)
symmetry are such that they match the charges of the [SU(3)]3

before the symmetry breaking [85, 86, 87].

2.1. Quark and Lepton Contents of Variant-A
The quark structure for this model [85] is as follows:

Qα
L =

uα

dα

Dα


L

uc
αL dc

αL Dc
αL,

{3, 3, 0}
{

3∗, 1,− 2
3

} {
3∗, 1, 1

3

} {
3∗, 1, 1

3

} (4)

where α = 1, 2, 3 correspond to the three families. Numbers
in parenthesis refer to (SU(3)C, SU(3)L, and U(1)X) quantum
numbers, where X arising in the electric charge generators of
the gauge group is defined as

Q =
1
2

λ3L +
1

2
√

3
λ8L + XI3, (5)

where λiL (i = 1, . . . , 8) are Gell-Mann matrices for SU(3)L and
I3 is the 3-dimensional identity matrix.

Including the lepton content and quantum numbers [85]
given below, this model is anomaly-free:

ψα
L =

 e−α
να

N0
1α


L

ψα
1L =

 E−
α

N0
2α

N0
3α


L

ψα
1L =

N0
4α

E+
α

e+α


L

.{
1, 3∗,− 1

3

} {
1, 3∗,− 1

3

} {
1, 3∗, 2

3

} (6)
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2.2. Higgs and New Gauge Bosons
The model contains three Higgs fields, which are

ϕ1 =

ϕ−
1

ϕ0
1

ϕ
′0
1

 ϕ2 =

ϕ−
2

ϕ0
2

ϕ
′0
2

 ϕ3 =

 ϕ0
3

ϕ+
3

ϕ
′+
3


{

1, 3∗,− 1
3

} {
1, 3∗,− 1

3

} {
1, 3∗, 2

3

} (7)

with Vacuum Expectation Values (VEV):

⟨ϕ1⟩ = (0, 0, M)T ,

⟨ϕ2⟩ =
(

0,
η√
2

, 0
)T

,

⟨ϕ3⟩ =
(

η′√
2

, 0, 0
)T

,

(8)

where η ∼ 250 GeV (η′ = η can be taken for simplicity).
In addition, this model has a total of 17 gauge bosons. One

of the gauge fields is the gauge boson associated with U(1)X .
Eight of them are SU(3)C associated gauge bosons.The gauge
fields of the electroweak sector can be listed as W±, W ′±, W ′0,
and W̄ ′0 with mass for charged currents, and Z and Z′ for the
neutral currents, which are also massive and uncharged. The
masses of the new bosons are proportionate to the symmetry
breaking scale of the model, in the order of a few TeV. The
masses of the gauge bosons of the electroweak sector can be
found using the following expressions:

m2
W± =

g2

4

(
η2 + η′2

)
, (9a)

m2
Z =

m2
W±

C2
W

, (9b)

m2
W ′± =

g2

4

(
2M2 + η′2

)
, (9c)

m2
W ′0(W̄ ′0) =

g2

4

(
2M2 + η2

)
, (9d)

m2
Z′ =

g2

4
(
3 − 4S2

W
) [8C2

W M2 +
η2

C2
W

+
η2 (1 − 2S2

W
)2

C2
W

]
, (9e)

where CW = cos θW and SW = sin θW are the cosine and sine of
the electroweak mixing angle (a.k.a. Weinberg angle), respec-
tively, with the experimental value of S2

W = 0.23122. It should
be emphasized that, in addition to the SM, there are five new
gauge bosons, which may lie within the detection limits of the
Large Hadron Collider (LHC), as we assume their masses to
be in the order of a few TeV. Constraints on the masses of
these particles have been identified by searches of 331 vector
bosons from LHC proton collision data [88] and deep learn-
ing analysis on LHC data [89]. The corresponding limits on the
Z′ gauge boson of the 331 model are mZ′ ≥ 3.7 TeV [88] and
mZ′ ≥ 4.0 TeV [89]. In fact, the common feature of many mod-
els obtained by extending the SM is the participation of extra
heavy gauge bosons [31], the charged ones usually denoted by
W ′. In the LHC, W ′ bosons would be observed through pro-
duction of fermion or electroweak boson pairs resonantly. The
most extensively considered signature contains a high-energy
electron or muon and large lost transverse energy. Assuming
that these new bosons couple with fermions in the SM, restric-
tive constraints on the mass of W ′ are obtained as MW ′ > 6 TeV

at 95% CL [90]. Although this limitation does not directly apply
to our model, it gives a sense of the masses of the W ′± and W ′0

bosons.
Charged currents in this model are as follows:

LCC = − g√
2

[
ν̄α

Lγµeα
LW+

µ + N̄α
L γµeα

LW ′+
µ

+ ν̄α
Lγµ Nα

LW ′0
µ + ūαLγµdαLW+

µ

+ ūαLγµDαLW ′+
µ − D̄αLγµdαLW ′0

µ + h.c.
]

,

(10)

and neutral currents are given as follows [86]:

LNC = − g
2CW

∑
f

[
f̄ γµ

(
g′V + g′Aγ5

)
f Z′

µ

]
=

g′√
3

∑
f

f̄ γµ

[
TW Q f − Diag

(
S−1

2W , T−1
2W ,−T−1

W

)
PL

]
f Z′µ,

(11)

where f represents leptons and quarks; g, g′V , and g′A are the
coupling constants of SU(3)L. Also, TW = tan θW , T2W =
tan(2θW) and S2W = sin(2θW) are used in equation (11).

As can be seen from the above expressions, W ′+ and W ′−

gauge bosons provide transitions between up-sector quarks
and new isosinglet D quarks, while W ′0 and W̄ ′0 gauge bosons
mediate the interactions of SM down-sector quarks and new
isosinglet quarks. Even though currents of W ′0 and W̄ ′0 gauge
bosons are given as part of the charged current sector, they can
be interpreted as off-diagonal neutral currents due to their zero
electric charge.

2.3. Democratic Approach to the Quark Sector of the 331
Model

The democratic mass matrix (DMM) approach was developed
by H. Harari and H. Fritzsch [42, 43, 44, 45, 46] to solve the
mass hierarchy and mixing problems. To predict all the masses
and mixings, a number of papers were published, in which
DMM was applied to four family SM [47, 48]. Later, the SM
type fourth family fermions were excluded by ATLAS and CMS
data [52, 53]. As a consequence, if the DMM approach is correct,
it will be inevitably applied to an extension of the SM. DMM
assumes that Yukawa coupling constants should be approxi-
mately the same in the weak interaction Lagrangian. When the
mass eigenstates are turned on, fermions gain different masses
[49, 50, 51].

When applying the DMM approach to the Variant-A of 331
model, two different basis are defined: SU(3)L ⊗ U(1)X sym-
metry basis, labeled with superscript “(0)” as in f (0) and the
mass basis labeled without superscript as in f , where f stands
for any fermion particle. Before the electroweak spontaneous
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symmetry breaking, quarks are grouped as follows:u(0)

d(0)

D(0)


L

, uc(0)
L , dc(0)

L , Dc(0)
L

, (12a)

c(0)

s(0)

S(0)


L

, cc(0)
L , sc(0)

L , Sc(0)
L

, (12b)

 t(0)

b(0)

B(0)


L

, tc(0)
L , bc(0)

L , Bc(0)
L

. (12c)

In the one-family case, all bases are equal. The Lagrangian
with the quark Yukawa terms for the only one-family case can
be written as follows:

LQ
y = QT

L C (auϕ3uc
L + adϕ2dc

L + aDϕ1Dc
L

+ adDϕ2Dc
L + aDdϕ1dc

L) + h.c.,
(13)

where au, ad, aD, adD, and aDd are Yukawa couplings in the
SU(3)L ⊗ U(1)X basis and C is the charge conjugate operator.

In this case, we obtain a mass term for the up-quark sector:

m0
u = au

ηu
√

2

(
ηu = ηd = η is taken for simplicity

)
, (14)

and a mass term for the down-quark sector is given as follows:

m0
dD =

(
adηd/

√
2 εadηd/

√
2

εaDηD/
√

2 aDηD/
√

2

)
, (15)

where ε is chosen very close to one, and εad corresponds to the
adD and εaD corresponds to the aDd.

In order to obtain mass eigenvalues, we need to diagonalize
the above mass matrix. This is done in [91] to demonstrate that
this approach gives correct t and b quark masses in the one-
family case.

Now, we can write the three-family quark Yukawa La-
grangian in the SU(3)L ⊗ U(1)X basis:

LQ
y =

3

∑
i,j

QT
iLC

(
auiuj ϕ3uc

jL + adidj
ϕ2dc

jL + aDi Dj ϕ1Dc
jL

+ εadi Dj
ϕ2Dc

jL + εaDidj
ϕ1dc

jL

)
+ h.c.,

(16)

where auiuj , adidj
, aDi Dj , adi Dj

, and aDidj
are Yukawa couplings

for the three-family case.

3. MODEL PARAMETERIZATION
One can form the most general mass matrix for up and down-
sector quarks from equation (16). To determine the further
structure of the mass matrix, we will break symmetries from
higher mass quarks to lower mass ones as proposed in [45].
It is convenient to write a 6 × 6 down-sector mass matrix as a
2 × 2 matrix similar to equation (15) in terms of 3 × 3 sub ma-
trices. When ε = 1, this 2 × 2 matrix has scaling and Z2 sym-
metries from right and left, respectively. Here, only the sym-
metry breaking parameter is ε. When ε = 1, only the isosinglet
D quark matrix takes a value and other 3 × 3 becomes zero.

Symmetry can be broken by deviating ε from one slightly. In
that case, the down-sector matrix gains a value in addition to
the isosinglet sector matrix. With the help of mass of t quark,
it is possible to determine auηu

√
2

as 56.5 GeV. Also, it is possible

to choose adηd
√

2
=

auηu
√

2
. In that case, ε = 1.008 gives us a second

eigenvalue equal to roughly 1
3 of the mass of b quark.

Consequently, effective mass matrix for down sector with
ad = as = ab is obtained equivalent to equation (3) with ef-
fective hd ≈ 0.905. This matrix has permutation group of three
elements, Z3, from left and right. Obviously, only the heaviest
quark (b quark) gains mass with this symmetry. In order to ob-
tain mass for the next heavy quark (s quark), the permutation
symmetry of three elements should be broken into Z2 with an
introduction of deviations as follows:

M0
d = hd

 1 1 1 + βd
1 1 1 + βd

1 + βd 1 + βd 1 + 4βd

 . (17)

This will leave d quark massless. To break Z2 symmetry, one
should introduce new deviations. This deviation is parameter-
ized with γd. The structure of parameterization related to γ
should be chosen to satisfy experimental mass hierarchy and
CKM angles.

As was mentioned earlier, the democratic form of all quark
mass matrices is broken via a small deviation, represented by β
and γ parameters. Furthermore, the form of deviation is iden-
tical for up, down, and heavy down type isosinglet quarks.
There are two reasons for that. First, since there is no any ex-
perimental evidence showing that up- and down-quark sectors
behave differently under weak interactions, breaking patterns
should be universal in three matrices for different flavors. Sec-
ond, if up and down type quarks have different breaking pat-
terns, the CKM mixing matrix would deviate from unity ma-
trix (as should be in SM) greatly. Besides that, the simplicity of
the constructed model was another important property of the
mass matrix pattern. These arguments lead to the parameteri-
zation pattern used in the present DMM model parameteriza-
tion approach. Mass matrices for up, down, and heavy down
type isosinglet quarks are as follows:

M0
u =

auηu
√

2

 1 + γu 1 1 − 9
2 γu + βu

1 1 − 2γu 1 + 3γu + βu
1 − 9

2 γu + βu 1 + 3γu + βu 1 + 4βu

 , (18a)

M0
d =

adηd
√

2

 1 + γd 1 1 − 9
2 γd + βd

1 1 − 2γd 1 + 3γd + βd
1 − 9

2 γd + βd 1 + 3γd + βd 1 + 4βd

 , (18b)

M0
D =

aDηD
√

2

 1 + γD 1 1 − 9
2 γD + βD

1 1 − 2γD 1 + 3γD + βD
1 − 9

2 γD + βD 1 + 3γD + βD 1 + 4βD

 .

(18c)

However, down-sector quarks and isosinglet down type
quarks are further mixed according to equation (16):

M0
dD =

(
M0

d εdM0
d

εdM0
D M0

D

)
=

(
adidj

η/
√

2 adi Dj
η/

√
2

aDidj
M aDi Dj M

)
.

(19)
Yukawa couplings in equation (16) correspond to matrices
given in equations (18a), (18b), (18c), and (19). The relation of
elements of submatrices of (6 × 6) matrix to the Yukawa cou-
plings is given in detail in equation (19). For the complete form
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of the up- and down-quark mass matrices and the relation be-
tween Yukawa couplings and the model parameterization pa-
rameters (βu,d,D and γu,d,D), please refer to Appendix B.

Masses of down SM and Beyond Standard Model (BSM)
isosinglet quarks are obtained by diagonalizing M0

dD 6 by 6
mass matrix. This mass matrix can be diagonalized via a 6 by 6
unitary matrix UdD, whereas masses of up-sector quarks are ob-
tained by diagonalizing M0

u mass matrix with a 3 by 3 unitary
matrix Uu. Analogous 3 by 3 mixing matrices, Ud and UD, for
down type SM and heavy BSM quarks are defined as unitary
matrices that diagonalize d and D blocks of the M0

dD given in
equation (19), respectively. For the sake of simplicity, the phases
are considered as zero hereafter. Therefore, diagonalizing ma-
trices will be real orthogonal matrices.

VW
CKM, VW ′±

, and VW ′0
mixing matrices correspond to the

W SM electroweak gauge boson, while W ′± and W ′0 are BSM
heavy gauge bosons, respectively. These mixing matrices are
defined via a combination of 3 by 3 diagonalizing matrices Uu,
Ud, and UD, mentioned earlier, and are given as

VW
CKM = UuUT

d =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

 , (20a)

VW ′±
= UDUT

u =

VDu VDc VDt
VSu VSc VSt
VBu VBc VBt

 , (20b)

VW ′0
= UDUT

d =

VDd VDs VDb
VSd VSs VSb
VBd VBs VBb

 . (20c)

These matrices can be parameterized with three mixing an-
gles and one phase angle:

V =

 c12c13 s12c13 s13e−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

 , (21)

where cij ≡ cos θij, sij ≡ sin θij; the angles θij are mixing angles,
and δ is the CP violating phase angle (its contribution has not
been considered in this study).

Extended CKM matrices (3 × 6) for VW
CKM and VW ′±

can
be obtained using UdD, mixing matrix of the 6 by 6 extended
down-quark sector. The extended CKM matrix therefore, will
give the interactions between 3 up type SM quarks and 6 (3 SM
and 3 BSM) down type quarks. More details on this approach
and quark unitarity arguments are included in Appendix C. In
the further numerical analysis, for the simplicity purposes, the
simplified (3 × 3) CKM approach will be employed.

4. NUMERICAL ANALYSIS
We perform a numerical scan over all parameter regions (7
input parameters, for details, see Table 1), first by randomly
scanning over large parameter regions, and then by perform-
ing a close neighborhood scan over specific regions in order
to find a global minimum with higher precision. After mak-
ing numerical scans, we analyze the correlation between dif-
ferent input parameters, distinctive input parameters, and pre-
dicted observable variables, as well as between various output
observable variables. The correlations presented below will in-
crease the predictive power of the model and assist in probing

the model in the current and future phenomenological experi-
ments. Given further are the most striking correlations between
these and attempt to explain the origin of correlations for some
cases.

In order to obtain the results given in the benchmark points
below, we used the following values for a and η (defined in
Section 2.3) parameters

au,dηu,d
√

2
= 56.5 GeV, (22a)

aDηD
√

2
= 3 × 104 GeV. (22b)

These values were optimized in the analysis for the chosen
parametrization. The scales in equation (22a) are not free, but
rather constrained by SM quark masses. The change in these
scales will affect the SM quark masses and CKM mixing angles,
as well as BSM heavy quark masses. So, the scales in equation
(22a) are subject to constraints from SM quark masses and CKM
mixing angles. The scales in equation (22) play an important
role, besides another significant parameter ε, while obtaining
the light SM quark masses.

The scales in equation (22a) are fixed by the top mass and
similarly of the scales between the two sectors and are treated
as constants in the later analysis. The scale in equation (22b) has
the strongest effect on the mass scale of the heavy BSM quarks,
the masses of which are only subject to the lower bound con-
straints. Changing the scale in equation (22b) would mostly af-
fect the heavy quarks and has very little effect on the SM ob-
servable variables. However, increasing the value in equation
(22b) can be counterbalanced by deviating ε from 1. When the
scale is increased, it is needed to change ε to keep SM down-
sector quarks’ masses in the experimental range. After a cer-
tain point, ε value does not change. In that case, it seems that
there is no upper limit for the BSM scale. Therefore, the scale in
equation (22b) is fixed in the further analysis.

The most apparent connected patterns between diverse in-
put parameters are shown in Figure 1. As one may have noticed
from Figure 1(a), there is an inverse correlation between βu and
βd input parameters. Since βu for up-sector behaves identically
as does βd for down-sector, these inverse correlation is origi-
nated from the CKM mixing angles. Figure 1(b) demonstrates
the correlation between γu and γd, which exhibits an inverse
correlation as well, analogously with the β’s case. As a final
example for the input parameters, Figure 1(c) depicts the di-
rect correlation between input parameters that affect the down-
sector mass eigenvalues. Other plots for different input param-
eters show weak or no correlated patterns, unlike the ones men-
tioned earlier.

The plots in Figure 2 demonstrate the important depen-
dence of some observable variables on model input parame-
ters. For instance, the plot in Figure 2(a) shows the direct de-
pendence of mu, the lightest eigenvalue of the up-quark sector,
on its most sensitive input parameter, βu. On the other hand,
from Figure 2(b), one can see that there is an inverse nonlinear
dependence of mu on γu. Strong correlations are observed be-
tween βu and mc, as well as between βu and mt, direct linear
and inverse linear, respectively, for mc and mt up-sector quark
mass eigenvalues. As a consequence, there is a strong correla-
tion between mc and mt (Figure 4(c)) and all up-sector eigenval-
ues show a strong dependence on the βu input parameter for
the model at hand. Regarding the down quark sector, an anal-
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(a) βu vs βd correlation plot.

(b) γu vs γd correlation plot.

(c) βd vs γd correlation plot.

FIGURE 1: Selected input correlation plots. Colors repre-
sent maximum standard deviation from experimental values.
Green, yellow, and red colors stand for σmax < 1, 2, and 3, re-
spectively, whereas squares, crosses, and discs correspond to
⟨σ⟩ /σmax: 0–0.4, 0.4–0.6, and 0.6–1.0, respectively.

ogous correlation can be seen between βd-ms and βd-sin(θCKM
23 )

(Figures 2(e) and 2(f)), which exhibit proportional almost linear
and direct-linear behavior, respectively. γd, similar to the situa-
tion in the up-sector in Figure 2(b), has the strongest influence
on the md, lightest eigenvalue of the down-quark sector, Figure
2(g), with a direct behavior. Furthermore, the direct proportion-
ality between md and γd can be seen from equation (18b), for
which the lightest eigenvalue(md) approaches zero as γd goes
to zero.

From the above analysis, it can be concluded that γu,d has a
noticeable influence on the lightest eigenvalue of its respective
sector, whereas βu affects all up-sector quark masses and βd
affects ms and sin(θCKM

23 ). This dependence of mb on βd is absent
due to the mixing of SM down-quark sector with BSM heavy
quarks.

The most striking correlations of the CKM mixing angles
are observed for sin(θCKM

23 ) mixing angle, which is directly pro-
portional and completely determined by the two input param-
eters βd and γd as shown in Figures 2(f) and 2(h). The other
mixing angles exhibit more complex correlations with the in-
put parameters.

Since BSM quarks are more massive than SM quarks there
are no significant correlations between SM parameters and
BSM observables, as seen from Figure 3. We have included only
the plots for heavy D quark; the plots for S and B exhibit similar
behavior with respect to βu, γu, βd, and γd parameters. How-
ever, MD has a direct linear dependence on γD (Figure 3(f)),
as well as, weaker dependence on βD (Figure 3(e)). Analogous
correlation is observed for MS (Figures 3(h) and 3(g)). On the
other hand, from Figures 3(i) and 3(j), one can see that strong
correlations are observed between MB and βD, as well as be-
tween MB and γD.

Plots in Figures 4(a), 4(b), and 4(c) demonstrate a direct,
inverse, and inversely linear correlation between all three up-
sector quark masses, respectively. This is an immediate conse-
quence of the fact that all three strongly depend on the βu input
parameter Figures 2(a), 2(c), and 2(d).

Taking the γu ≪ βu ≪ 1 limit in equation (18a), we obtain
mu ∝ 2γu ≪ mc, mt and mt/mc ≈ 5.125+ 7.11806βu + 2.25β−1

u ,

(a) βu vs mu correlation plot.

(b) γu vs mu correlation plot.

6
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(c) βu vs mc correlation plot.

(d) βu vs mt correlation plot.

(e) βd vs ms correlation plot.

(f) βd vs sin
(
θCKM

23
)

correlation plot.

(g) γd vs md correlation plot.

(h) γd vs sin
(
θCKM

23
)

correlation plot.

(i) γd vs mu correlation plot.

FIGURE 2: Selected correlation plots between input parameters
and observable variables. Grid lines indicate a one standard
deviation region of the experimental data. Green, yellow, and
red colors stand for σmax < 1, 2, and 3, respectively, whereas
squares, crosses, and discs correspond to ⟨σ⟩/σmax: 0–0.4, 0.4–
0.6, and 0.6–1.0, respectively.

which corresponds to the behavior mt ∝ −mc + const. (Figure
4(c)).

Figure 4(d) shows a correlation between the down-quark
sector mass, ms, and CKM mixing angle, sin(θCKM

23 ). This can
be seen from the direct linear dependence of sin(θCKM

23 ) on βd
and γd, Figures 2(f) and 2(h), respectively. Similarly, ms has a
medium directly proportional dependence on βd (Figure 2(e)),
as well as, a weaker dependence on γd.

7
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During the numerical analysis, in some cases, the obtained
output observable variables may have been negative. In this
case, the negative sign has been dropped, in view of the phases
related argument made in the paragraph after equation (19).

5. RESULTS
In this section, the results of the model predictions are pre-
sented and elaborated on. This, E6 motivated, variation of the
331 model predicts up- and down-quark masses, as well as
CKM mixing angles for a total of seven input parameters. Up,
down, and down type isosinglet quarks are controlled by two
parameters each and one mixing parameter, ε, between light
and heavy down-quarks. The input parameters for the three
most relevant and important benchmark points are collected
in Table 1. The first benchmark point (BP1) was obtained as a
point with the smallest χ2 of approximately 0.777, which has
a maximum deviation from experimental results of 0.586 σ (re-
fer to equation (23) for details). On the other hand, the second
benchmark point (BP2) is defined as the point of a parameter
scan with the smallest set of deviations for all nine observable
variables at hand with a maximum deviation of ∼0.501 σ. As
last, we give an average point for all data points obtained with
∀σmax ≤ 1 as a third benchmark point (BP3), labeled as BP3⟨⟩ in
Table 2, whereas the spread (error) of all points with ∀σmax ≤ 1
is indicated as Spread. σ is defined as follows:

σ =

∣∣∣∣ xexp − xth

xerr

∣∣∣∣ , (23)

(a) MD vs βu correlation plot.

(b) MD vs γu correlation plot.

(c) MD vs βd correlation plot.

(d) MD vs γd correlation plot.

(e) MD vs βD correlation plot.

(f) MD vs γD correlation plot.

8
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(g) MS vs βD correlation plot.

(h) MS vs γD correlation plot.

(i) MB vs βD correlation plot.

(j) MB vs γD correlation plot.

FIGURE 3: Correlation plots between the BSM quark masses
and quark sector parameters. Green, yellow, and red colors
stand for σmax < 1, 2, and 3, respectively.

where x represents any of the observable variables from Ta-
ble 2, exp. stands for the experimentally obtained value, th cor-
responds to the simulated value from the scan run, and lastly,
err. means the error for the experimentally obtained value.

The parameter scan is very sensitive to the input param-
eters’ value; therefore, we keep up to twenty decimal places.
For a total of seven input parameters, the best result for χ2

that was obtained is given in the 4th and 5th columns of Ta-
ble 2 with χ2 ≈ 0.777. As can be seen, the largest contribu-
tion to the χ2 comes from mu and md, whereas the second- and
third-generation quark masses of up- and down-sectors con-
tribute a much smaller error to the χ2. Next, as a result of the
search for the smallest combination of the deviations from the
experimental values (2nd and 3rd columns of Table 2), the best
point achieved is given in the 6th and 7th columns of Table 2
with χ2 ≈ 1.491 and σmax ≈ 0.501. Lastly, we collect all points
with maximum deviations (σmax ≤ 1) to generate mean and
spread values, given in the 8th and 9th columns of Table 2 with
χ2 ≈ 1.895. These values show the location and the size of the
area with deviations from experimental values less than one
(green area in Figure 5).

The masses and mixing angles in Table 2 were defined as
eigenvalues of mass matrices in equations (18a), (19), and equa-
tion (21) for VW

CKM, VW ′±
, and VW ′0

mixing matrices, respec-
tively.

Figure 5 summarizes all the data points collected according
to two criteria: the horizontal axis corresponds to σmax which
represents the maximum deviation of each point with respect
to the experimental value, and the vertical axis shows the χ2

values for each point obtained. The plot is divided into three
horizontal regions according to the value of σmax: 0-1, 1-2, and
2-3; the vertical region is separated into three categories as well,
according to the values of ⟨σ⟩/σmax: 0–0.4, 0.4–0.6, and 0.6–1.0.
This last category represents the spread of all errors that con-
tribute to the total χ2. The solid curves on the plot stand for
the upper and lower theoretical limits for this plot given by
χ2 = 9σ2

max and χ2 = σ2
max, respectively.

9
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(a) mu vs mc global fit distribution graph. (b) mu vs mt global fit distribution graph.

(c) mc vs mt global fit distribution graph. (d) ms vs sin(θCKM
23 ) global fit distribution graph.

FIGURE 4: Selected observable correlation plots. Grid lines indicate a one standard deviation region of the experimental data.
Green, yellow, and red colors stand for σmax < 1, 2, and 3, respectively, whereas squares, crosses, and discs correspond to ⟨σ⟩/σmax:
0–0.4, 0.4–0.6, and 0.6–1.0, respectively.

par. BP1 BP2 BP3⟨⟩ BP3spread

βu −0.008127116503406678 −0.008074064951393775 −0.0081294 0.0000816256
γu 0.00012023151170229749 0.00012095573963901077 0.000120017 0.0000018874
βd 0.044756546016957506 0.04508573236580676 0.0447492 0.000416564
γd 0.002037220066695815 0.0020439360347433004 0.00203794 0.0000212662
βD 0.04796738067655066 0.04787190321609066 −0.0474458 0.000806016
γD −0.05988836055185294 −0.06057801433337951 0.0605905 0.00131765
ε 1.0080400994427337 1.0080578648812581 1.00563 0.00575238

TABLE 1: Model input parameters for the several benchmark points given in Table 2.

6. DISCUSSION
One can isolate and determine the causes of different levels of
correlation between parameters and observable variables in the
plots given in the earlier section (Figures 2 and 4). Obviously,
γ and β parameters affect mass values of quarks at up- and
down-sector. Another factor in determining masses of the SM
down-sector quarks is the existence of BSM heavy isosinglet
quarks, hereafter the BSM effect. For example, one would ex-
pect that γu correlates with mu strongly, and mc and mt weakly.
However, since βu is about 80 times greater than γu, a strong
correlation of γu-mu is smeared into the medium level through
the interference of βu. As expected, βu correlates strongly with
mc and mt. Due to the relative size of βu with respect to γu, it
affects mu weakly.

However, the situation is different in down-sector. Similar
to the up-sector, γd correlates with md on the medium level. The

correlation between γd and other down-quark mass eigenval-
ues (ms and mb) disappears due to the BSM effect. The correla-
tion of βd with md, ms, and mb is degraded proportional to the
closeness to BSM quarks. Therefore, similarly to the up-quark
sector, the weak correlation of βd-md has disappeared due to
a small BSM effect, whereas the expected strong correlation be-
tween βd and ms weakens down to the medium level due to the
existence of the same BSM effect. Finally, the strong correlation
of βd-mb has disappeared due to very strong mixing with BSM
quarks.

There are no significant correlations between SM parame-
ters and BSM observables. D, S, and B exhibit similar behavior
with respect to βu, γu, βd, and γd parameters. MD and MS have
direct linear dependence on γD as well as weaker dependences
on βD. On the other hand, strong correlations are observed be-
tween MB and βD, as well as between MB and γD.

10
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FIGURE 5: Model global fit vs maximum deviation (up to 3σ) distribution graph. The solid curves stand for upper and lower
theoretical limits and ⟨⟩ stands for the mean value.

Observable Experimental BP1 BP2 BP3
Value Err. Value σ Value σ ⟨⟩ Spread

mu (MeV) 1.23 0.21 1.35 0.59 1.33 0.50 1.35 0.02
mc (MeV) 620 17 616 0.26 611 0.50 616 6
mt (GeV) 168.26 0.75 168.27 0.018 168.28 0.028 168.27 0.01
md (MeV) 2.67 0.19 2.58 0.48 2.59 0.44 2.58 0.03
ms (MeV) 53.16 4.61 54.33 0.25 54.81 0.36 54.29 0.53
mb (GeV) 2.839 0.026 2.841 0.075 2.848 0.350 2.839 0.015
MD (GeV) — 8677 — 8790 — 8801 219
MS (GeV) — 9724 — 9824 — 9820 189
MB (GeV) — 96687 — 96710 — 96673 71
sin(θ12) 0.22650 0.000431 0.22653 0.071278 0.22671 0.48643 0.22649 0.000235
sin(θ23) 0.04053 +0.000821

−0.000601 0.04066 0.18581 0.04086 0.47030 0.04066 0.000292
sin(θ13) 0.00361 +0.000110

−0.000090 0.00359 0.15861 0.00364 0.30446 0.00359 0.000036
sin(θW′±

12 ) — 0.67511 — 0.67502 — 0.67497 —
sin(θW′±

23 ) — 0.06082 — 0.06112 — 0.04728 —
sin(θW′±

13 ) — 0.00721 — 0.00693 — 0.00152 —
sin(θW′0

12 ) — 0.82460 — 0.82462 — 0.82438 —
sin(θW′0

23 ) — 0.03327 — 0.03345 — 0.07482 —
sin(θW′0

13 ) — 0.02290 — 0.02335 — 0.02857 —
χ2 — 0.777 1.491 1.895

TABLE 2: Model various benchmark points with the smallest χ2, smallest σmax, and mean value for ∀σmax ≤ 1. Here, σ stands for
standard deviation and has no units. The obtained values shown above were rounded to have the same significant figures as the
experiment results.

As mentioned earlier, CP-violating phases are not consid-
ered in the present paper. Therefore, elements of mass matri-
ces are chosen as real numbers. Consequently, some of the re-
sulting eigenvalues of mass matrices and some elements of the
CKM matrix are negative. It is possible to remove these neg-
ative signs and get correct CP-violating phases by including
phase multipliers to democratic mass matrix elements. These
multipliers may even help to pinpoint χ2 and σmax. The effect
of the phases on the quark masses and CKM mixing angles is
left for future works.

7. CONCLUSION
We have shown that the DMM mechanism might be valuable
for different BSM models. Of course, if the chosen BSM model
is the correct one, one should try to determine the underlying
cause of small deviations to find this underlying theory for de-
viations. This would be a great achievement in the direction of
understanding mass hierarchy.

Regarding the physical origin of the DMM pattern of the
quark mass matrices, there are several possible approaches
likely to establish the connection between DMM and underly-
ing UV theory. The most common method found in literature is
the use of discrete flavor symmetries, e.g., A4, see, for instance
[92], which can be applied to lepton and/or quark sector mass
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Quantity ES1 ES2 ES3 ES4
aD ηD
√

2
(GeV) 2440 3454 5176 6899
ε 1.0081988 1.008152 1.0081097 1.008089

md (MeV) 2.59 2.52 2.51 2.50
ms (MeV) 55.84 55.13 54.81 54.66
mb (GeV) 2.838 2.840 2.840 2.841
MD (GeV) 728 1000 1500 2000
MS (GeV) 806 1118 1674 2231
MB (GeV) 8029 11297 16840 22386

χ2 1.82 2.63 2.69 2.72

TABLE 3: BSM energy scale scan (ES). In this scan, β and γ val-
ues are the same as in BP1. Therefore, one has the same CKM
matrix elements, BSM CKM matrix elements, and up-sector
masses as in BP1.

matrices. Use of global or gauged continuous symmetries (e.g.,
U(1)µ−τ , SU(3)), so-called flat flavor symmetries, is another
possibility. Also popular in recent years is the modular sym-
metries approach based on A4,S4,A5 [93, 94, 95, 96, 97, 98, 99]
modular symmetries, where one can predict mass matrix pat-
terns for leptons, and quarks as well [100, 101, 102]. The unique
signature of modular symmetries is that the mixing angles,
phases, and in some cases the SM fermion masses can be pre-
dicted from the theory.

In the present paper, the DMM approach is applied to the
quark sector of the 331 model, which is inspired by E6 sym-
metry. Model becomes prominent by being one of the simplest
extensions of SM. Quark masses and mixing angles within one
standard deviation of the experimental values with ten param-
eters are successfully derived. More specifically, each of the
quark sectors (up, down, and isosinglet down) is controlled
dominantly by set of three parameters (a, β, γ); additionally,
one parameter corresponds to the mixing between SM and isos-
inglet down type quarks. In return, all SM and isosinglet quark
masses and mixing angles are predicted, total of eighteen ob-
servable variables, nine out of which are SM variables.

Detailed analysis is performed in order to find the best fit
benchmark point. The best fit point obtained has a χ2 = 0.777
with the largest standard deviation from the experimental val-
ues of 0.586 for mu. Another important benchmark point is the
point with the smallest achieved standard deviation error from
the experimental data, χ2 = 1.491, and the largest deviation of
0.501. Furthermore, a summary data plot of σmax vs χ2 is pro-
duced, as well as the average point for all generated data with
σmax ≤ 1 condition.

Actually, it is possible to have a smaller mass for the D
quark with a cost of χ2 and σmax. For example, a relatively
small value for aDηD/

√
2 = 2440 GeV gives mD = 728 GeV

with χ2 = 1.82. So, it is possible even to be probed at the HL-
LHC, FCC-hh, or some other future hadron collider (see [103]
and references therein). An energy scale scan for various mD
masses is performed in Table 3.

The model at hand demonstrates that a democratic ap-
proach can successfully lead to the SM quark masses and hier-
archy between them. Furthermore, CKM mixing angles are also
obtained within corresponding experimental limits. This result
motivates further exploration of parameter schemes based on
fundamental democratic patterns. UV models of flavor sym-
metry leading naturally to democratic-based quark sector mass
schemes should be studied in future works. From all of the

above, it is concluded that this can be a possible explanation
of the hierarchy problem.

Appendix A. CHIRAL GAUGE ANOMALY
CANCELLATION

The chiral gauge anomaly cancellation, per generation, in the
present model proceeds as follows:

[SU(3)c]
2 U(1)X : 3XQ + Xu + Xd + XD = 0, (A.1a)

[SU(3)L]
2 U(1)X : 3XQ + XΨ + XΨ1 + XΨ2 = 0, (A.1b)

[U(1)X ]
3 : 9X3

Q + 3X3
u + 3X3

d + 3X3
D + 3X3

Ψ

+ 3X3
Ψ1

+ 3X3
Ψ3

+ ∑
l

X3
l , (A.1c)

[gravity]2U(1)X : 9XQ + 3Xu + 3Xd + 3XD + 3XΨ

+ 3XΨ1 + 3XΨ3 + ∑
l

Xl , (A.1d)

where l stands for leptonic singlets; their contribution to the
chiral anomalies is zero and their presence in the model is not
required.

Appendix B. QUARK MASS MATRICES
AND RELATION BETWEEN
YUKAWA AND βu,d,D, γu,d,D
PARAMETERS

The complete form of the up-quark mass matrix is given by

M0
u =

η′
√

2

auu auc aut
acu acc act
atu atc att

 . (B.2)

Then, comparing the above with equation (18a), we arrive at

auu = au (1 + γu) , (B.3a)

auc = acu = au, (B.3b)

aut = atu = au

(
1 − 9

2
γu + βu

)
, (B.3c)

acc = au (1 − 2γu) , (B.3d)

act = atc = au (1 + 3γu + βu) , (B.3e)

att = au (1 + 4βu) , (B.3f)

where we used ηu = η′. Similarly, for the down-quarks, using
equatios (19), (18b), and (18c), we have the relation between the
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Yukawa couplings and the parameterization parameters as

add = ad (1 + γd) , (B.4a)

ads = asd = ad, (B.4b)

adb = abd = ad

(
1 − 9

2
γd + βd

)
, (B.4c)

ass = ad (1 − 2γd) , (B.4d)

asb = abs = ad (1 + 3γd + βd) , (B.4e)

abb = ad (1 + 4βd) , (B.4f)

adD = εdad (1 + γd) , (B.4g)

adS = asD = εdad, (B.4h)

adB = abD = εdad

(
1 − 9

2
γd + βd

)
, (B.4i)

asS = εdad (1 − 2γd) , (B.4j)

asB = abS = εdad (1 + 3γd + βd) , (B.4k)

abB = εdad (1 + 4βd) , (B.4l)

aDd = εdaD (1 + γD) , (B.4m)

aSd = aDs = εdaD, (B.4n)

aBd = aDb = εdaD

(
1 − 9

2
γD + βD

)
, (B.4o)

aSs = εdaD (1 − 2γD) , (B.4p)

aBs = aSb = εdaD (1 + 3γD + βD) , (B.4q)

aBb = εdaD (1 + 4βD) , (B.4r)

aDD = aD (1 + γD) , (B.4s)

aSD = aDS = aD, (B.4t)

aBD = aDB = aD

(
1 − 9

2
γD + βD

)
, (B.4u)

aSS = aD (1 − 2γD) , (B.4v)

aBS = aSB = aD (1 + 3γD + βD) , (B.4w)

aBB = aD (1 + 4βD) , (B.4x)

where ηd = η and ηD/
√

2 = M was used.

Appendix C. EXTENDED CKM MATRIX
AND UNITARITY

Extended CKM should be considered with extra care since it is
(3 × 6) matrix as seen from the following argument:

VCKM = U3×3
uL U†3×6

dL , (C.5a)

U6×6
dL → UdLU†

dL = U†
dLUdL = I6×6, (C.5b)

VCKMV†
CKM = U3×3

uL U†3×6
dL U6×3

dL U3×3†
uL = U3×3

uL U3×3†
uL = I3×3,

(C.5c)

V†
CKMVCKM = U6×3

dL U3×3†
uL U3×3

uL U†3×6
dL = U6×3

dL U†3×6
dL ̸= I6×6,

(C.5d)

U†3×6
dL U6×3

dL = I3×3 but U6×3
dL U†3×6

dL ̸= I6×6. (C.5e)

However, it is more conventional to deal with it with square
matrices. Therefore, after extending (tensor multiplying with
2 dimensional unity matrix) the up-sector mixing matrix, with
proper normalization, we recover the unitarity of the extended
CKM matrix of the SM (see equation (C.6)).

V6×6
CKM =

1√
2

(
U3×3

uL ⊗ I2×2

)
U6×6

dL

=
1√
2

(
U3×3

uL 0
0 U3×3

uL

)
U6×6

dL .
(C.6)

With the use of the duplication of up sector diagonalizing ma-
trix, one obtains (6 × 6) extended CKM matrix for the bench-
mark point 1 as follows:

d s b D S B

V6×6
CKM =


0.686 −0.160 −0.00253 0.0000644 0.0000558 0.00000668
0.159 0.685 0.0286 −0.000335 −0.000164 −0.0000748

0.00402 0.0285 −0.704 0.000455 −0.000614 0.00184
−0.691 0.161 0.00255 −0.738 −0.674 −0.0357
−0.161 −0.691 −0.0289 0.675 0.736 −0.0497
−0.00406 −0.0287 0.709 0.00679 −0.0601 0.998


u
c
t
u
c
t

(C.7)

Because of the duplication, there are two Vud values. Both
of these values are affected form ε at certain levels. As an exam-
ple, to obtain the correct value for Vud, one should include both
values in equation (C.7) as follows:

Vud =
√

0.6862 + (−0.691)2 = 0.974. (C.8)

When we remove all the duplication on extended CKM by
using the procedure in equation (C.8), it is possible to obtain
(3 × 6) CKM matrix as follows:

d s b D S B

V3×6
CKM =

 0.9740 0.2265 0.00360
0.22647 0.9732 0.0407
0.00571 0.0404 0.99917

......·

0.738 0.674 0.0357
0.675 0.736 0.0497

0.00680 0.0601 0.998

 u
c
t

(C.9)
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The first 3 × 3 part of the V3×6
CKM correspond to standard

model CKM matrix and it is inherently satisfying unitarity con-
ditions. The second 3 × 3 part of the V3×6

CKM correspond to the
BSM analog of the conventional CKM matrix, also separately
satisfying the unitarity conditions. This is possible because
heavy quarks decay through processes similar to D → uW ′−.
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