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Abstract

In this paper, a representation of fermions in the Pati-Salam model is suggested. The semileptonic and be-
yond standard model flavor changing neutral currents of the Lagrangian in this representation of fermions
are discussed. A pair of possible Cabibbo-Kobayashi-Maskawa and Pontecorvo-Maki-Nakagawa-Sakata
matrices are defined. An effective Lagrangian for this model is given.
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1. INTRODUCTION

The Pati-Salam model [1] is a grand unified theory (GUT) [1,
2,3, 4,5, 6] and has the gauge group structure of SU(4)r x
SU(4)g x SU(4"), where SU(4); x SU(4)g is the chiral flavor
gauge group, and SU(4’) is the color gauge group. The gauge
group structure of the Pati-Salam model is beneficial in several
aspects

(i) The minimal simple group SU(5) GUT [3] encounters
the issue of proton decay, and the modifications used to
address the proton decay problem in SU(5) GUT always
encounter issues of naturalness.

(ii) If we use a semisimple group as the GUT gauge group
instead of a simple group, the standard model (SM)
particles phenomena could be unified with the Pati-

Salam gauge group SU(4); x SU(4)g x SU(4'), where

SU(4)L x SU(4)r is the chiral flavor gauge group, and

SU(4') is the color gauge group. While the gauge group

SU(2)p x SU(2)g x SU(4") model could be used to

reproduce the neutral current (NC) and charge cur-

rent (CC) weak interaction phenomena, the six flavor
fermions and flavor mixing phenomena are difficult to
reproduce.

(iii) “Lepton number as the fourth color” [1] is a clean
and straightforward assumption when visualizing the
fermions from a unified viewpoint.

(iv) The fundamental representations of SU(4) are 4, 6, and

4. In a GUT, the fermions always fill in the fundamental

representation of a gauge group. We know that fermions

have six flavors and four colors, and each fermion
has a corresponding antifermion. Thus, fermions (an-
tifermions) can be filled in the Pati-Salam gauge group

fundamental representation 4 x 6 (4 X 6).

(v) Dirac matrices are 4 x 4 matrices. If we do not add (or
reduce) the degrees of freedom by hand, the fermions
should fill in the 4 x 4 matrix.

(vi) The flavor mixing matrices, i.e.,, Cabibbo-Kobayashi-
Maskawa (CKM) and Pontecorvo-Maki-Nakagawa-Sakata

1

(PMNS) matrices, could arise naturally from SU(4)p x

SU(4)g x SU(4") Pati-Salam model.
(vii) Pati-Salam model [1] as the flat spacetime limits of
the Pati-Salam model in curved spacetime, can be de-
rived from the self-parallel transportation principle of
the square root Lorentz manifold [7], which is a pure ge-
ometry model. An explicit formulation of sheaf quanti-
zation [8, 9, 10, 11, 12, 13] on square root Lorentz mani-
fold is given, the relation between sheaf quantization and
path integral quantization is shown [14], and the canon-
ical quantization of Yang-Mills theory in curved space-
time which inspired by sheaf quantization can be seen
[15] also. The abstract category structure of sheaf quanti-
zation of square root Lorentz manifold is almost like La-
grangian submanifold on symplectic geometry [16, 17].

Gauge group structure SU(4)p x SU(4)g x SU(4') of the
Pati-Salam model is the starting point of this paper. In an ex-
isting paper [1], the chiral flavor group SU(4); x SU(4)g de-
generates into the chiral group SU(2); x SU(2)r and repro-
duces the NC and CC weak interactions transported by Z and
W weak gauge bosons, respectively. The left-right symmetry
of the Pati-Salam model predicts the existence of right handed
neutrinos. The SU(4’) color group from the conjecture “lepton
number as the fourth color” contains SU(3’) quantum chro-
modynamics (QCDs) and exotic semileptonic processes trans-
ported by X bosons. The semileptonic processes preserve B-
L symmetry and violate baryon lepton number conservation.
Topics such as B-L symmetry [18, 19], baryogenesis [20, 21, 22,
23,24, 25,26, 27, 28, 29], leptogenesis [26, 30, 31, 32, 33, 34, 35],
left-right symmetry [36], and right-handed neutrinos [37] have
been important topics in theoretical and experimental high en-
ergy physics for decades. Recent literature has discussed the
flavor violation [38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49,
50, 51, 52], neutral gauge boson [53, 54, 55], lepton quark col-
lider [56], lepton flavor universality [57], gravitational wave
imprints [58], muon g — 2 anomaly [59], and muon collider [60]
which relate to the Pati-Salam model and other models.

The original fermion representation in the Pati-Salam
model [1] includes only two families of quarks and leptons. In
this paper, however, we suggest a representation of fermions
in the Pati-Salam model comprising all three families of quark
and lepton states as the eigenstates of Lagrangians. We discuss
the fermion-antifermion-boson vertex new physics of semilep-
tonic processes transported by X bosons and beyond stan-
dard model flavor changing neutral currents (FCNCs) pro-
cesses transported by neutral bosons Y, based on the novel rep-
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resentation of fermions. We also present a possible construction
of the CKM and PMNS matrices based on this representation
of fermions. Finally, we illustrate an effective total Lagrangian
density for this model.

2. REPRESENTATION OF FERMIONS

The well-established Pati-Salam model [1] has the following
gauge group

G= SU(4)L X SLI(4)R x Su (4,) ’ (1)

where SU(4); and SU(4)r are the chiral flavor gauge groups,
and SU(4') is the color group.

Fermions have six flavors of quarks and leptons. If we
gauge the flavor symmetry according to the SU(6) group, the
fermions should fill in a 4 x 6 matrix. The SU(6) flavor sym-
metry will engage with nine gauge bosons at least that trans-
port flavor gauge interactions. To date, the experimental data
only showed us three flavor gauge interaction bosons, which
are WT,W—, and Z. The problem relates to how to reduce the
nine flavor gauge bosons naturally to three, reveal the Stan-
dard Model interaction vertices, and reproduce flavor mixing
phenomena. Furthermore, it will be hard to reproduce the Gell-
Mann-Nishijima formula and flavor mixing phenomena, and
the SU(6) x SU(4') gauge group is not minimal for the GUT.

This SU(4)r x SU(4)r flavor gauge group symmetry re-
stricts the representation matrix of fermions to a 4 x 4 matrix.
For this 4 x 4 fermion matrix, whether the flavor degrees of
freedom will take on the shape of a column or row needs to be
established. A minimal coupling Lagrangian is constructed as
follows for the color and flavor interaction to answer this ques-
tion:

L=Tr[(T7"0,¥ + f¥Y' V¥ — gT7"¥W,], )

where f,¢ € R are coupling constants. V,, and W), are 4 x 4
Hermitian matrices and can be decomposed as follows:

15 15
V=) ViT', Wy=) WiT%, ®3)
a=1 a=1
where T* (a = 1,2,...,15) are generators of SU(4) and an ex-
ample can be found in Appendix A, and Vjj and W, are gauge
bosons. The first term in Lagrangian (2) is a kinematic term. The
flavor interaction can be chiral decomposed but the color inter-
action cannot. We observe that the second term in Lagrangian
(2) is difficult to decompose due to chiral symmetry, but the
third term can be decomposed (the proof is presented in Ap-
pendix B) as follows:

15
L=Tr {i‘l”y?‘ay‘f’ + 21 ( FEYHVATY — ¥ 7" ¥ WAT
a=

“4)
- g‘?RWVTRWﬁT”) } ,
where the chiral fermions are defined
A5 5
¥ =Ly, g = Ty )
2 2

_AD 5

¥ = il 27 7, Yr= ‘FJFHT’YVO- (6)

Accordingly, the second term in Lagrangian (2) describes the
SU(4") color gauge interaction, and the third term in La-
grangian (2) describes the SU(4), x SU(4)R chiral flavor gauge
interaction. We then derive that the column of the 4 x 4 fermion
matrix corresponds to color and the row corresponds to flavor.

Such as “lepton number as the fourth color”, it was then
easy to fill four colors of fermions, i.e., R, G, B, and L, into the
four rows of the fermion matrix. The next approach was to de-
rive how to fill the six flavor fermions into the four columns of
the fermion matrix. The six flavor fermions were divided into
three families, and each family included two flavor fermions.
The action in the path integral formulation of quantum field
theory is a phase

S— / #xL, @)

each phase term should with 0-dimension and 0-charge, and
the fermion matrix should be result in the model being
anomaly free. Consider that the fermions in quantum field the-
ory are the operator-valued field, and the quantum states are
the eigenstates of operator-valued field. In quantum mechan-
ics, one operator can correspond to several eigenstates. Then,
we suggest a representation of fermions

V2up  V2eg  V2tg  dj

¥ _ V2ug V2cg V2tg df ®)
V2ug  V2cg  V2tg  dj
e I T v/

where C = R,G,B = 1,2,3 are color indices; u, ¢, and t are
the operator-valued fields of three flavor quarks; e, y, and T
are the operator-valued fields of the electron, mu and tau. Fur-
thermore, v’ and d’c are the operator-valued fields of neutrinos
and d family quarks. Additionally, the |v,), |vy), |v¢) neutrino
states and |dc), |sc), |tc) quark states are eigenstates related to
flavor interaction Lagrangian terms containing v’ and d., re-
spectively.

3. GAUGE BOSONS IN THE MINIMAL
COUPLING LAGRANGIAN

The possibility of chiral decomposition infers that Wj; are gauge
bosons transporting flavor gauge interactions, and Vjj trans-
porting color gauge interactions. We will discuss the decom-
position of the Lagrangian of the flavor and color interactions
in detail using the minimal coupling model (2).

3.1. Chiral Flavor SU(4) x SU(4)g Processes

The gauge boson bears the exchange of quantum numbers
charge. For two different fermion-antifermion-boson vertices,
when the exchange of the charge is the same, the quantum
numbers of two gauge bosons in two fermion-antifermion-
boson vertices are the same, except the possibility of mass
difference (thanks to the comments from anonymous referees
pointing out that even though the quantum numbers of the par-
ticles are the same, the masses of the particles might not be the
same). The Z boson is a charge-free gauge boson and transports
weak NC in the SM, Z boson should be on the diagonal of ma-
trix Wy, i.e.,

Zy =W =W =Wp, ©)
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d’m
FIGURE 1: In this suggested representation of fermions of the
Pati-Salam model, the Lagrangian (11) gives us the fermion-
antifermion-boson vertices of weak Z boson interaction with

left-handed fermions. For right-handed fermions, the L symbol
should be alternated by R.

then the Lagrangian

—gTr {‘T’L’y"‘h WiT" +{L — R} (10)

a=3,8,15

can be decomposed as follows (see Figure 1):

7gTI' ‘PL’)/H"I"L Z W;:Tu +

a=3,8,15

—gTr[ )y

C=R,G,B

{L = R}

(Criapcy urcZy

+ Qe ereZu + Gafev ticZy) (11)

(CrecyerZuy + Loy o Zy

N\'—‘

+ T T Zy + T v Zy)

+0s Y,

C=R,G,B
where
3 6 3 6
a1+ 240 o1 V2LV
(12)
2/3 V6 V6
B="T3 Ty M=

According to the fermion matrix and Lagrangian charge-
free assumption, it is easy to find that WHi in this model is

Wi =Wy £iW,0 = Wil £iw,2 = W2 £iw,t. (13)

Furthermore, W= transports the CC in the weak interaction.
Then, the Lagrangian, i.e.,

14
—gTr [¥Ly"¥L ) WiT* + {L — R} (14)

can be decomposed as follows (see Figure 2):

14
—gTr {‘T’LWTL Y wWiTe
a=9

+{L =R}

— ! - !
(”LC'deLCW;lF "‘CLC'YVdLCW:
C=R,G,B

= _TgTr {\ﬁ
+ ey dL Wy + dper urcWo
+ dicyterc W™ + d_/Lc“r”thwf)
+ E‘_LW/VI/,LWJ + ﬁLWVU/LWJ + TL’#‘V/LW]]L
+ vyt eL Wy + oy Wy,

+ W, +{L = R}

(15)
The electric charges of W and W™ are 1 and —1, respectively.

Urc CrLe

Wt W+

Y

" U
dl,c dL(‘

>\f\~ W +
e e

w- w-

W=

‘?YY

>'M fl(
>vw

FIGURE 2: The fermion-antifermion-boson vertices of W boson
derived by Lagrangian (15), where all three external legs of ver-
tices in this figure are momentum in.

There are new physics chiral flavor processes described by
the Lagrangian

WAT* + {L — R}

—8Tr {‘T’m" YL
a=1,2456,7

Y, ! (CLCYa}y“"tLCny)

= —gTr {
C=R,G,B

1_
+ 5" (VLY*l,, + TLny)
1_
+ Eym" (eLYf, + TLY*ly) (16)

+ Y et <“LCY;} + chYiy)
C=RG,B

+ ) Bt <MLCY;3 + CLCY;>
C=RG,B

1_
+ ETL’Y# <€LY‘3 + ]lLY]}> + {L — R}
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For example, the predicted beyond SM FCNCs [61, 62, 63]

y! — u€ + e, (17)
Y! et +u, (18)

have not yet been observed and the mass-generating mecha-
nism of gauge bosons Yl y2, Y,}, and Yf is interesting. The
electric charges of gauge bosons YL, Y2, Y], and Y2 are 0. The
fermion-antifermion-boson vertices about Y are shown in Fig-
ure 3. Two examples of beyond SM tree-level FCNCs are in Fig-
ure 8.

>w
>~w

>~w

FIGURE 3: The fermion-antifermion-boson vertices of Y are de-
rived by Lagrangian (16), where all three external legs of the
vertices are momentum in.

Y‘Z

3 5.
o o 8 " F

e
>M P

The W, matrix is

1 2 -
GZy Yy Yo Wy

1YY, oz, Y w;
W, = = *H H H H (19)
1z 2 1 -
2 Y*ﬁ Y*J;: €3Z+]4 Wy
Wy Wy Wy, CuZy
The corresponding electric charge matrix of Wy, is
0 0 0 -1
0 00 -1
Q=10 0 0 -1 @0)
111 0

3.2. Color SU(4") Processes

We selected V!° as the photon. Then, the vertices of the photon
from Lagrangian (2) are written as

fTr [‘W* V,}5T15‘1f]

V6. |2 _ ) _
:fTTr 3 ) (ucfy”Vfuc + cC'y”V’}ScC + tc'yVVI}StC>

C=R,G,B

/N

— (" VPe+ gy Vo p 4+ TVt )

Y, der”

C=R,G,B

+ Vilde — 7'MV

W~

(1)

Except the neutrinos, the electric charge number preceding
each flavor fermion Lagrangian term is correct. As an example,

the % preceding the Lagrangian term ic-y# VI}S uc is the electric
charge number of quark u. The experiments show that the neu-
trino is charge free, such that the neutrino should satisfy the
formulas

V=6, ot =¢. (22)

Under the restriction (22), the Lagrangian of neutrinos and pho-
ton interaction vertices degenerates into

V6

—f\f [ rViSy ’}:—fTTr[yowvﬂ. (23)

Then, the fermion-antifermion-boson vertices about photon y
on this minimal coupling model are shown in Figure 4.

Cc ..,

)&9.0/ g )w g )w Y M 5
uc cc te d,
e Iz T

}w g )kmzw }w g

e T
FIGURE 4: The fermion-antifermion-boson vertices of photon
derived by Lagrangian (21).

The gauge bosons Vﬁ, Vﬁ, R fo are gluons and transport
color SU(3') strong interaction and reveal QCD.

There are exotic semileptonic processes [51] transported by

Xfc particles and the related Lagrangian is
o u
fTe [¥94 Y VIT"Y
a=9
2 -
=12 T VR (ter e aert X Tert )
C=RG,B
+ lj’c’)/FX’:Cl/, + 7'yt XL
+v2 (éy”X*Cuc + gy X+Cec + fy”X*th) } ,
(24)
where
XiC V8+C + 1V9+C' (25)

The related fermion-antifermion-boson vertices about X bosons
are shown in Figure 5.

uc cc to dy,
)o.qo/ X A0 X0 IReaw XC ooy X°
¢ I T v

]7/

e ii 7
>. 09, X+¢ : O > 000 X+¢ >| 000 X+C
uc co to dy,

FIGURE 5: The fermion-antifermion-boson vertices derived by
Lagrangian (24), where all three external legs of the vertices are
momentum in.
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The Lagrangian charge-free restriction derives that the
charges of X~ and X*C particles are —% and %, respectively.
The V, matrix is

GRR+ V5 GR¢ GRB X, R

v | Gt e+ ve Grf X, ©
[ G‘ER GEG GEB + V‘,}S X’;B ’

xR X c X;P -3V,

(26)

where G]S:C/ (C,C'=R,G,B=1,2,3)are gluons and V]}S is the
photon. Then, the electric charge matrix of V), is

0
Qv = 8 (27)
/

Three examples of the nonzero semileptonic Feynman dia-
grams in the tree-level amplitudes are shown in Figure 9, where
Figures 9(a) and 9(b) are the t-channel and u-channel of

Uc+cc—e +u. (28)

In addition, Figure 9(c) is the s-channel of the quark lepton in-
teraction

cctu —uc+te . (29)

The masses of X*C bosons must have been very large because
the s, t, and u-channels were still not observed.

The amplitudes in Figure 6 are zero at least on the one-loop
level in the model described by Lagrangian (2) because

14 14
Migtar & Y TicTic — Y. TicTELTicTic
a=9 a,b=9
14 (30)
— Y TICTICTE T+
a,b=9
—0-0—0+---.

Note that all external fermions in Figure 6 are not antiparticles.
The electric charge is not conserved in the process shown in
Figure 6 such that the total amplitude M, = 0, which means
electric charge conservation avoids quark pair slips to lepton
pairs in the minimal coupling model (2).

qc [ 9¢ l Gc !
X¢ X<
= X(‘ + +
Xc XC
qc 1 9¢ | dc l

FIGURE 6: The amplitude of the quark pair slips to the lepton
pair is zero because of electric charge conservation. The q¢, jc,
and I, 1 are particular quarks and leptons. The vertices in the di-
agram are described by Lagrangian (2), especially Lagrangian
(24).

4. FLAVOR MIXING

The left-handed flavor eigenstates of d, s, and b quark states can
be defined as follows:

2
—%gTr [ﬁLC’YVd/LCWJ} |dic) = a1 |dic), 1)
V2 1
-5 8T [CLC“Y”d/LCW;ﬂ |ste) = a2 lsic), (32)

2 :
_%gn [thwd’LCwﬂ bjc) = a3 |bic), 33)

where |d] ), |s] ), and |b] ) are flavor eigenstates of d, s, and b
quarks with left-handed chirality and C color, respectively. The
kinematic term of fermions in the Lagrangian (2) is

Tr [(¥9#0,¥] = iTr [¥19"0, ¥ + Yr1"0, ¥ R] - (34)
The kinematic term of fermions can be decomposed as follows:
iTr [‘“TILW/VBV‘FL +qu'YVa]4\FR}

=iTr Z

C=R,G,B

[2 (Apcy"Ouurc + erev*ouce + Frev*outrc)
+ d ey oudyc] + eyt ouer + pLyt o

+ Tyt + vpyFouvy + {L — R} .

(35)
The left-handed mass eigenstates of the d, s, and b quarks are
iTr [dcv'0udc] ldic) = mar |dic), (36)
iTt [y cv"Oudic] [sic) = mst [sic) (37)
iTr [dyc7"9udyc] [brc) = mer [brc) - (38)
The CKM matrix is

d1c) Via Vus Vup |dic)
sie) | = |V Vs Vi Iscc) | - (39)
bic) Ve Vis Vi [brc)

The right-handed d, s, and b quark states can be defined after
L — R.
Similarly, the left-handed flavor eigenstates of neutrinos are

1 _

—EgTr [eL’y"v’LW’j'] [VeL) = g [VeL), (40)
1 _

—EgTr [VL'YVV/LW;} [vuL) = as |vur), (41)
1 -

—EgTI' [TL")/‘HV/LWJ} ‘VTL> = g |VTL> . (42)

The left-handed mass eigenstates of neutrinos are

iTr [ y"0uvy ] |viL) = mip [vir), (43)

iTr [y y"0uvy ] |var) = mar |var), (44)

iTr [T y"0uv ] |vaL) = map var) - (45)
The PMNS matrix is

[Ver. > Uy Un Ugs | V1L >
}V‘uL > = uyl uyZ UVS |V2L > . (46)
[ver) Un Up U/ \|var)

The right-handed eigenstates of neutrinos can be defined simi-
larly after L — R.
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5. EFFECTIVE TOTAL LAGRANGIAN AND
GAUGE INVARIANCE

An effective total Lagrangian for color, flavor, and Higgs inter-
actions is

L=Tr [i‘?’y”BV‘I’ + f¥YVLY - gY YW,

+¥ T+V( )7ﬁH’WH 7g276FVVF
¢ ¢ 2 nv 2 nv

(47)
_ ingva (’)’V’)/V _ ,Yv+,y;r{*> L4

+if ¥ H (Y = 7t ‘F} ,

where ¢ is the Higgs field; V(¢) is Higgs potential; f, ¢, € R
are coupling constants, and the gauge field strength tensors are

Hyy = 0, Vy — oV —if V,Vi, +if ViV, (48)
Fuy = 0,Wy — oy W, — igW, Wy + igW, W,,. (49)
The second line of Lagrangian (47) represents Yang-Mills the-
ory terms, and the third line is magnetic moment terms. La-

grangian (47) is invariant under local gauge transformations of
color space and flavor space rotation U and U, respectively,

Y = 0vu, (50)
where
Uesu(4), UesSu), (51)
such that
W =TUyT" = Ay = Uy, (52)
v, =av,ut - (9,0) U, (53)
W, =U' (o,u) — U'w,u. (54)

6. GAUGE ANOMALY

The Lagrangian (47) is a flat spacetime version of Yang-Mills
theory (Pati-Salam type) in curved spacetime and Einstein-
Cartan gravity[14]. The curved version theory has deep moti-
vation from the point of view of logic and geometry, which de-
rived from square root metric and self-parallel transportation
principle and quantized by sheaf quantization and path inte-
gral quantization. The anomaly in quantum field theory always
means a symmetry is preserved in classical theory but violated
in the quantum version. The global symmetry anomaly might
be accessed by quantum field theory, but the local gauge sym-
metry anomaly (gauge anomaly) is believed to be a consistency
condition for a gauge theory. We have to check the anomaly-
free condition for the Pati-Salam model with this representation
of fermions.

In 4-dimensional spacetime, the quantum gauge anomaly-
free condition can be checked by the triangle Feymann diagram
in Figure 7.

The amplitude of Figure 7 is proportional to

iMANO o Ty (T“ TbTC> T (T“ TCTb)

= 2Tr (TaT(ch)> — %d(abc)'

pc
#a ", a N\%
v, b

v, b

FIGURE 7: The Feynman diagrams about triangle anomaly.

Then, for SU(4); x SU(4)g chiral Yang-Mills theory, the cur-
rent conservative equation has the formulation

0y, JH (x) o d(”[bc])e[”V”U]F’i’ F¢ (56)

vipos

such that the indices bc satisfy commutation and anticommu-
tation relations

d(u[bc]) _ % (dubc _ dacb + dacb _ dubc) —0. (57)

The analysis of SU(4’) color gauge Yang-Mills theory is simi-
lar. Note that a fermions loop cannot interact with flavor and
color gauge bosons in one triangle anomaly Feymann diagram
at the same time. So, the SU(4), x SU(4)g x SU(4') Pati-Salam
model is anomaly free.

7. MONOPOLE AND THE TOPOLOGY OF
SPACETIME

As an example, we choose SU(4); x SU(4)r flavor gauge
bosons to analyze the problem of monopole. We can com-
bine the SU(4);, x SU(4)g minimal coupling, Yang-Mills, and
tolopogical terms of flavor gauge bosons as follows related to
monopole:

2 2%
Etopology = _g‘Y'YVTW;t - %FWFW - %CFWF}W’ (58)

where
Fiv = elvpoE,, (59)

are electro-magnetic dual gauge strength tensors of F,y. The
Euler-Lagrangian equation of W, for the Lagrangian (58) is

2gE0, FM + 2ngEo  FM =", ' =F¥9"Y = JV +Ju. (60)

We decompose equation (60) as follows:

1
wo _ v
o, F ZgCIE' (61)
~ 1
[ p—
o, F 2gE T (62)

where ]} is electro current and [}, is monopole current. The fun-
damental thing in quantum field theory is action S

2 ~
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where w is volume form and M is the base manifold of space-
time.Note that the monopole-related topological term in (58) is
the second Chern class, and the action S about the topological
term only relies on the topological structure of the manifold M
and is proportional with the second Chern number C,

SxCp, CeZ. (64)
We can easily calculate the second Chern number C, with M
equals topologies $* and S! x §3:

G =2
G =0,

M = §% (65)
M =8 x s (66)

This means that, for base manifold M with topology S*, the
monopole about flavor gauge bosons W), there are monopole
currents; for base manifold M with topology Sl x S8, the
monopole currents are depressed. The analysis in this section

could apply equally to SU(4’) color gauge bosons V,, and
Su(5) GUT also.

8. CONCLUSIONS AND DISCUSSION

Based on the gauge group SU(4); x SU(4)g x SU(4') of the
Pati-Salam model, a representation of fermions is suggested
in this paper. The boson-fermion-antifermion vertices brought
by the SU(4), x SU(4)g chiral flavor and the SU(4’) color
gauge group were discussed. The electric charge of each par-
ticle was consistently defined, and a pair of possible CKM and
PMNS matrix formulations were illustrated. An effective total
Lagrangian of the model was given.

The experimental data restricts the masses of particles X*C,
Y1, ¥l Y2, and Y2 were superheavy. How the masses be gener-
ated for these particles requires further discussion.

cc uc to wue
y! y?

€ nooew T
(a) (b)
FIGURE 8: Examples of nonzero tree level amplitudes of the be-

yond SM FCNCs transported by neutral gauge bosons Y! and
Y2,

uc e uc co (%]

XC Xc 1
XC

cc utco I’ e
(a) (b) (©

FIGURE 9: Nonzero tree-level amplitudes of semileptonic ver-
tices. The e and u are electron and mu leptons, and the uc
and cc are u and c quarks with color C. These processes were
still not being observed in the experiments, indicating that the
masses of X bosons must have been superheavy. The u, e, and
¢, can be replaced with t, T or d’, v/ according to Lagrangian
(24).

Appendix A. SU(4) GROUP

Generators of the SU(4) group are as follows:

0100 0 —i 00
p_lltoo0ol »_1]i 0 00
2(0 0 0 of’ 2{0 0o o0 of’
0000 00 00
1 0 00 0010
p_1l0 -1 00| u_1fo0o00
2{0 0o 0 0]’ 2(1 0 0 o’
00 00 0000
00 —i 0 0000
ps_1fo0o 0 o] _1foo0 10
2(i 0 0 of’ 2{0 1 0 of’
00 0 0 0000
00 0 0 10 0 0
7_1[00 =i o] s _V8[0o1 0 0
2{0 i o o)’ 6 (00 -2 0]
00 0 0 00 0 0
000 1 00 0 —i
P_1l00 00l _1f0 00 0
2(0 0 0 o’ 2(0 00 0}’
1000 i 00 0
0000 000 0
qu_lfooo0 1] p_1]00 0 -
2{0 0 0 of’ 2{0 00 0]’
0100 0 i 0 0
0000 000 0
p3_1]0 00 0| 4 _1]/000 0
2{0 0 0 1’ 2{0 0 0 —i’
0010 00 i 0
100 0
T15_@0100
2(00 1 0
000 -3

(A1)
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Appendix B. THE POSSIBILITY OF THE
CHIRAL SYMMETRY
BREAKING OF FLAVOR

GAUGE INTERACTION
7° = i7%919243 such that
=7 (B.2)

The gamma matrices satisfy

-1+ o 149719
2 2 T2 2 g 3)
1— 5t 14+ 5 1+ 5t 1— 5 ’
L A

such that Lagrangian —g¥y"'¥ W), can be decomposed into two
chiral components in any Dirac matrix representation, i.e.,

—gTr [FyF¥W,] = —gTr [‘?Lfy’“I’LW,‘jT” +‘T’R7V‘FRW]‘jT”} .
(B.4)

Appendix C. CROSS SECTIONS

The cross section in Figure 8(a) can be represented as follows:

) )
+(u—m§—m%,> (u—m%—m%)

+ 8mgmymumc + 2memy (t — mlzl — m?)

IMJ? =

+ 2myme (t — mg — mi)) .
(C.5)
The cross section in Figure 8(b) replaces my1, my, and m, with

My2, M, and my, respectively.
The cross sections in Figures 9(a) and 9(b) are

(tzsilf)z ((s = —m2) (s —m2 —m2)
-
+ (u—mi—m%) (u—m?—m%)

+ SmEmymumC—i—ngmﬂ <t — mf, — m%)

M| =

+ ZmeC (t - mg - mﬁ)) ’
(C.6)

|Mu|2 = (11288’7];1)2 ((sfmf, fmf) <sfm§*mﬁ)
X

+<t—m§—m§> (t—mg—m%)
2

+ 8memymymc + 2menmy, (tf mf, — mc>

+ 2mymc <t — mg — mﬁ)) p
(C.7)

where myx, m,, my, my, and m. are the masses of the x*€
bosons, ¢, u leptons, and u and ¢ quarks. The s, t, and u are

defined as follows:

s=(p1+p2)> = (ps +ps)*, (C8)
t=(p1—p3)° = (p2—ps), (C9)
u=(p1—pa)® = (p2—p3)*. (C.10)

The cross section of Figure 9(c) is given as follows:
28814
2 _ 2 2 2 2
| M| = 2((t—my—mc> (t—me—mu>
(s —m%)

—&—(u—m%—mg) (u—m?—mﬁ)

+ Smgmﬂmumc + ZmEmF <s— m%, — m%)
+ Zm#mc (s — m? — m%,)) .
(C11)
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