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Abstract
Divergences that occur in density matrices of decay and scattering processes are shown to be regularized
by tracing and unitarity or the optical theorem. These divergences are regularized by the lifetime of the
decaying particle or the total scattering cross section. Also, these regularizations are shown to give the
expected helicities of final particles. As an illustration, the density matrix is derived for the weak decay of a
polarized muon at rest, µ− → νµ(e− ν̄e), with Lorentz invariant density matrix entries and unitarity upheld
at tree level. The electron’s von Neumann entanglement entropy distributions are derived with respect
to both the electron’s emission angle and energy. The angular entropy distribution peaks for an electron
emitted backward with respect to the muon’s polarization given a minimum volume regularization larger
than the cube of the muon’s Compton wavelength. The kinematic entropy distribution is maximal at half
the muon’s rest mass energy. These results are similar to the electron’s angular and kinematic decay rate
distributions. Both the density matrix and entanglement entropy can be cast in terms of either ratios of
areas or volumes.
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1. INTRODUCTION
Recently, the literature has applied the tools of quantum field
theory to evaluate quantum information science (QIS) metrics
for scalar and electromagnetic scattering [1, 2, 3, 4, 5, 6, 7, 8]. QIS
metrics include the density matrix, von Neumann entangle-
ment entropy, mutual information, etc. The density matrix car-
ries information of the particles in terms of degrees of freedom
such as momenta and polarizations. The entanglement entropy
and mutual information are the degree of maximum knowl-
edge and correlation between degrees of freedom, respectively.
Reference [9] provides a review of QIS for particle physicists.

Reference [1] considers a scalar Φ4-interaction and a time-
dependent interaction. References [2, 3, 4, 5, 6, 7] consider an
electromagnetic interaction, e−e+ → µ−µ+. The Lorentz in-
variance of entanglement entropy is studied in [2]. Entropies
and mutual information are calculated in both the helicity and
spin basis in [3]. Reference [4] evaluates two scattering pro-
cesses being correlated through an entanglement of initial par-
ticles. The paper [5] evaluates common QED processes such as
Bhabha and Møller scattering. References [6, 7] consider a wit-
ness particle or spectator. During a scattering of two particles,
one of these two is entangled with another particle (witness)
that does not participate in the interaction. The scattering alters
the reduced density matrix of the witness. This means the infor-
mation of the witness particle is altered by the scattering event
despite not participating directly in the interaction. However,
the latter is not true when including unitarity [8]. Reference [8]
also evaluates QIS metrics for Compton scattering wherein the
scattering photon is entangled with a witness photon. In spite
of not interacting directly, the electron and witness photon ac-
quire a nonzero mutual information, i.e., become entangled, af-
ter the Compton scattering.

Since past works [1, 2, 3, 4, 5, 6, 7, 8] investigate scattering
processes, QIS metrics are evaluated herein for a weak decay
µ− → νµ(ν̄ee−). When deriving the density matrix, this work
is distinguished from [1, 2, 3, 4, 5, 6, 7] by upholding unitarity

up to tree level, i.e., using the optical theorem. For this reason,
both the normalization of the density matrix and the total von
Neumann entanglement entropy must be unchanged by the in-
teraction. Only by keeping unitarity does the density matrix of
final particles have a term representing the probability for no
decay or no scattering to occur. Also, unlike [1, 2, 3, 4, 5, 6, 7, 8],
this work regularizes common divergences that occur in the
density matrices of decay and scattering processes. These di-
vergences have been an obstacle in obtaining finite QIS metrics
[1, 2, 3, 4, 5, 6, 7, 8]. Although the density matrix is derived
for a decay process, the same techniques are readily applica-
ble to scattering processes. A presentation of these methods is
severely lacking in the literature.

In Section 2, the reduced density matrix of a daughter elec-
tron in the decay of a polarized muon is derived. The degrees
of freedom are momentum and helicity. A common divergence
appears in all terms and is regularized by tracing and the op-
tical theorem. Furthermore, the expected helicity of the elec-
tron provides confirmation of the regularization. In Section 3,
Lorentz invariant density matrix elements are extracted from
the electron’s reduced density matrix of momenta. These ele-
ments allow for calculating the von Neumann entanglement
entropy distributions and a Lorentz invariant total entropy. The
resulting angular and kinematic entropy distributions for the
electron are peaked similarly to the corresponding decay rate
distributions. An additive volume divergence occurs in the to-
tal Lorentz invariant entropy. Section 4 gives the regularized
density matrix for the scattering process e−e+ → ∑x xx̄.

2. DENSITY MATRIX OF MUON DECAY
Suppose a muon is prepared in a pure state |i⟩ = |p, ↑⟩ with
momentum p and spin up along the +z-axis (see Figure 1). Its
initial density matrix is ρi = |i⟩⟨i|. The S-matrix or unitary op-
erator gives the final state | f ⟩ = S|i⟩ where S = 1 + iT and
T is the transition operator. The final state has a Fock space
of 1 or 3 particles since the muon either does not decay or de-
cays into νµ(ν̄ee−). A free 1-particle and 3-particle Hamiltonian
have bases that span the final state, implying a direct sum of
final Hilbert spaces Hµ ⊕ Hνµ ⊗ Hν̄e ⊗ He. The three-particle
state is written as |l1, s1; l2, s2; l3, s3⟩ = |l1, s1⟩ ⊗ |l2, s2⟩ ⊗
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FIGURE 1: A polarized muon at rest decays into three particles: µ− → νµ(ν̄ee−).

|l3, s3⟩, where (li, si) are the momentum-polarization pairs for
the three particles. The inner product of a state is ⟨p, r|q, s⟩=
2Ep(2π)3δ(3)(p − q)δr,s. Defining Qls ≡ ∑s

∫ d3l
(2π)32El

, the sin-
gle and three particle projection operators are written as

I1-particle = Qls|l, s⟩⟨l, s|,

I3-particles =
3

∏
i=1

Qlisi |li, si⟩ ⟨li, si| .
(1)

These particle projection operators are placed next to iT in
the final state as follows.

| f ⟩ = S|i⟩ = (1 + iT )|i⟩

= |i⟩+
(

I1-particle + I3-particles

)
iT |i⟩.

(2)

This gives a final density matrix ρ f = | f ⟩⟨ f | or

ρ f = |i⟩⟨i|

+
(

QkrQls⟨l, s|iT |i⟩⟨i|
(
−iT †

)
|k, r⟩

)
|l, s⟩⟨k, r|

+
3

∏
m,n=1

Qkmrm Qlnsn ⟨km, rm| iT |i⟩⟨i|
(
−iT †

)
|ln, sn⟩

∗ |km, rm⟩ ⟨ln, sn|
+ (Qkr⟨k, r|iT |i⟩|k, r⟩⟨i|+ h.c.)

+ four other coherence terms.

(3)

Apart from the matrix positions, e.g., |i⟩⟨i|, |l, s⟩⟨k, r|, etc.,
the final density matrix, ρ f , has Lorentz invariant entries. Af-
ter tracing over all single particle states, the reduced density
matrix for νµ(ν̄ee−) is

ρ
f
νµ ν̄ee = trµ

(
ρ f
)

= 2EpV (1 − TΓ)

+
3

∏
m,n=1

Qkmrm Qlnsn ⟨km, rm| iT |i⟩⟨i|
(
−iT †

)
|ln, sn⟩

∗ |km, rm⟩ ⟨ln, sn| .
(4)

Γ in the first term above is the muon’s decay width. It occurs
from the second and fifth lines in equation (3) by tracing and
using unitarity or the optical theorem [10]. V = (2π)3δ3(0)

and T = 2πδ(0) are the unregularized volume and time, re-
spectively. Whether calculating density matrices of scattering
or decay processes, these unregularized factors are a common
occurrence [8].

The plus sign in equation (4) should be interpreted as a di-
rect sum of the one-particle and three-particle states. The factor
(1 − TΓ) in the first term can be interpreted as the probability
for the muon not to decay, which must be zero. This implies
that T is the inverse of the muon’s total decay width Γ. Con-
firmation of T’s regularization is seen below when calculating
the e−’s helicity and the trace of the density matrix. In short,
setting the first term in equation (4) to zero gives the condi-
tional density matrix for a polarized muon decay. Regardless of
whether (1 − TΓ) is assumed to be zero, ρ

f
νµ ν̄ee’s normalization

is ⟨i|i⟩ = 2EpV after tracing over the three remaining particles.
Hence, the normalization is unaffected by the decay. Notice if
I1-particle is not included above equation (3), then unitarity or
the constancy of the normalization is lost.

Tracing over the neutrinos, the normalized electronic re-
duced density matrix is

ρ
f
e = trνµ ν̄e

(
ρ

f
νµ ν̄ee

)
= ∑

t3

T
2mµ

(
3

∏
m=1

Qlmsm

)
Ml1,s1;l2,s2;l3,s3

p,↑

(
Ml1,s1;l2,s2;l3,t3

p,↑

)†

∗ (2π)4δ(4)

(
p −

3

∑
i=1

li

)(
|l3, s3⟩ ⟨l3, t3|

2EV

)
,

(5)

where mµ is the muon’s mass, E = l3 is the massless e−’s en-
ergy, Ml1 ,s1;l2 ,s2;l3 ,s3

p,↑ is the Feynman amplitude for the µ− decay,
and the transition amplitude is related to the Feynman ampli-
tude by

⟨l1, s1; l2, s2; l3, s3| iT |i⟩ = iMl1,s1;l2,s2;l3,s3
p,↑ (2π)4δ(4)

(
p −

3

∑
i=1

li

)
.

(6)

The above electronic reduced density matrix lacks purity since
ρ

f
e ̸= (ρ

f
e )

2. Its trace is

tr
(

ρ
f
e

)
= TΓ = 1. (7)

Just as ρ f above, ρ
f
e ’s matrix elements, i.e., the coefficients of

|l3,s3⟩⟨l3,t3|
2EV , are Lorentz invariant. This follows from the Lorentz
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invariant factors: T/2mµ = VT
2mµV , Qlm ,sm , the Feynman ampli-

tude, and (2π)4δ4(·).
Assume in equation (5), the electron’s polarization is its he-

licity, λ. In the massless limit for the electron, its helicity is
λ = −1 and the ρ

f
e ’s polarization-coherence terms are zero. The

helicity-reduced density matrix follows by tracing equation (5)
over l3, giving

ρ
f
λ = trl3

(
ρ

f
e

)
= TΓ|λ = −1⟩⟨λ = −1|. (8)

The latter correctly gives the electron’s helicity,

⟨σz⟩ = tr
(

σzρ
f
λ

)
= −TΓ = −1, (9)

where σz is Pauli’s matrix. Conversely, the electron’s helicity
requires T = 1

Γ . As another example, consider the pion decay
π− → e− ν̄e, µ− ν̄µ. Using the above techniques, the expected
antineutrino helicity is

T ∑
x=e− ,µ−

λν̄x Γπ−→xν̄x = 1 (10)

since the antineutrinos’ helicities are +1. Therefore, again, T
must be the inverse of the total decay width.

Tracing equation (5) over the electronic polarizations gives
a diagonal reduced density matrix of the electron’s momenta.

ρ
f
l3
= tr

(
ρ

f
e

)
= T

∫ d3l3

(2π)32E
f (E, θ)

|l3⟩ ⟨l3|
2EV

, where

f (E, θ) =
G2

Fmµ

3π
E
(
3mµ − 4E + cos θ

(
mµ − 4E

))
,

(11)

where GF = 1.1663788 × 10−5 GeV−2 is the Fermi coupling
constant [11], mµ = .1056583755 GeV is the muon’s mass, T =

2.1969811 × 10−6 s is the muon’s measured lifetime [12], E = l3
is the massless electron’s energy, and θ is the electron’s scatter-
ing angle with respect to the muon’s polarization [10].

The trace of any final density matrix being one requires
upholding unitarity. This follows from tr(ρ) = tr(| f ⟩⟨ f |) =
⟨ f | f ⟩ = ⟨i|S†S|i⟩ = 1 for a normalized initial state |i⟩ and
the unitary S-matrix. The trace of equation (11) is 1.0044 due
to the calculation being at tree level. Hence, equation (11) ap-
proximately upholds unitarity since radiative corrections and
other final particle states, e.g., photon emission or pair pro-
duction, were not included. The decay modes of photon emis-
sion and pair production are negligible at branching fractions
of 10−7 and 10−5 [12], respectively. Notice the integrand inside
the above integral is the decay rate distribution d3Γ

d3l3
=

f (E,θ)
(2π)32E .

Hence, adding these corrections would make the trace identi-
cally one, assuming there is no theoretical physics beyond the
standard model.

3. VON NEUMANN ENTANGLEMENT
ENTROPY DISTRIBUTIONS

Having the reduced density matrices for the electron in equa-
tions (5), (8), and (11), other quantum information metrics can

be calculated. Since ρ
f
λ is pure, only the momentum contributes

to the massless electron’s von Neumann entanglement entropy,

SEE
e = −tr ρ

f
e log ρ

f
e = −tr ρ

f
λ log ρ

f
λ − tr ρ

f
l3

log ρ
f
l3

= −tr ρ
f
l3

log ρ
f
l3

≡ SEE
l3

.

(12)

The mutual information of the electron’s momentum and helic-
ity is

I = SEE
l3

+ SEE
λ − SEE

e

= 0.
(13)

This shows momentum and helicity are not correlated for a
massless particle as expected for weak interactions.

The trace operator in the von Neumann entropy (SEE
e )

above follows from a continuous limit of the counting of states
and recalling that (2πh̄)3 is the volume of phase space per state:

∑
n

→ V
(2πh̄)3

∫
d3l3 = δ3(0)

∫
d3l3. (14)

In the last equality, the quantity V = (2πh̄)3δ3(0) in nonnatu-
ral units was used. Equation (14) is also implied by tracing the
identity operator for 1-particle states, giving the total number
of states. By extracting δ3(0)

∫
d3l3 from equation (11) and in-

cluding h̄ and c, the Lorentz invariant matrix elements of ρ
f
l3

are

T f (E, θ)h̄2c3

2EV
(15)

or a ratio of the ostensible partial volume, ϱ(E, θ) ≡ T f (E,θ)h̄2c3

2E ,
to the total accessible volume, V. The cube root of the maxi-
mum partial volume is on the order of the muon’s Compton
wavelength, i.e., ϱ1/3

max ∼ h
mµc ∼ 10−14 m. With the partial vol-

ume, the electron’s entanglement entropy distributions with re-
spect to momentum and emission angle are calculated below
and found to be similar to decay rate distributions. For the cal-
culations below, assume log base e or units of nats. Alterna-
tively, ϱ/V can be cast as a ratio of areas, i.e., a(E, θ)/A with
A ≡ V

cT and a(E, θ) ≡ f (E, θ)(h̄c)2/(2E). Using equation (14),
the density matrix in equation (11) can be rewritten in terms of
ratios of areas or volumes.

ρ
f
l3
=

(
V

(2πh̄)3

∫
d3l3

)
a(E, θ)

A
|l3⟩ ⟨l3|

2EV

=

(
V

(2πh̄)3

∫
d3l3

)
ϱ(E, θ)

V
|l3⟩ ⟨l3|

2EV
.

(16)

Using equation (15), the daughter electron’s von Neumann
entanglement entropy for the polarized muon decay is

SEE
e = −tr

(
ρ

f
l3

log ρ
f
l3

)
= − V

(2πh̄)3

∫
d3l3

(
ϱ(E, θ)

V
log
(

ϱ(E, θ)

V

))
.

(17)

Hence, SEE
e is manifestly Lorentz invariant when multiplying

and dividing the trace operator by 2E. The above equation
looks similar to the Shannon entropy ∑i pi log pi.
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After simplifying equation (17), the electron’s entangle-
ment entropy becomes

SEE
e = − 1

(2π)3Γ

∫
dΩ

∫
dE

E f (E, θ)

2
log
(

f (E, θ)(h̄c)3

2ΓEV

)
,

(18)

where Γ = h̄/T is the muon’s decay width. SEE
e has three

sources of entropy or missing information: positional uncer-
tainty, momenta uncertainty, and quantum mechanical uncer-
tainty. This is seen when expanding equation (18) as follows:

SEE
e = log V +

∫
dΩ

∫
dE

1
Γ

d2Γ
dΩdE

log
(

2ΓE
f (E, θ)c3

)
− 3 log h̄.

(19)

In the above information-theoretic Sackur-Tetrode equation, the
divergence in entropy, or log V, is additive. The same occurs
in the Rényi entropy. For an unregularized V, differences in
entropy between different decay processes can yield finite re-
sults. Also, the mutual information between the muonic daugh-
ter particles’ 3-momenta will be finite as the divergences in V
would cancel. The argument of the logarithm in the above sec-
ond term has dimensions of momentum cubed.

Differentiating equation (18) gives the electron’s angular

entropy distribution dSEE
e

d cos θ and kinematic entropy distribution
dSEE

e
dE , which are long equations and not written herein, see Fig-

ures 2(a) and 2(b). For regularizations above the muon’s Comp-
ton wavelength cubed, i.e., V ≥ 1.34ϱmax = 1.1× 10−41 m3, the
angular entropy distribution peaks at an electronic emission
angle that is antiparallel with respect to the muonic polariza-
tion. For the latter regularization, the kinematic entropy distri-
bution is nondecreasing and peaks at an energy of E = mµ/2
just as does the decay rate distribution dΓ

dE . As V increases, the
entropy distributions approach their decay rate counterparts
apart from an overall constant factor, i.e.,

d2SEE
e

dE d cos θ
→ d2Γ

dE d cos θ

log V
Γ

. (20)

The total electronic momentum entropy is SEE
e ≥ .91 nats for

V ≥ 1.34ϱmax. The electron’s momentum entropy is nonzero
since the neutrinos were traced out.

4. REGULARIZATION OF A SCATTERING
PROCESS

For decay processes, evaluation of density matrices requires re-
lating T = 2πδ(0) with the total decay width via T = 1/Γ. In
other words, T is the muon’s lifetime. On the other hand, for
the density matrix of a scattering process, V/T should be re-
lated to the total accessible scattering cross section as shown
below.

Consider the high energy annihilation process e−e+ →
∑x xx̄ in the CoM frame where e−, e+ have particular helicities
and x, x̄ is a particle, antiparticle pair. Following the procedure
of Section 2 and using the optical theorem, the final reduced

density matrix of final particle x equals the direct sum

ρ
f
e− ,µ− ,τ− ,... =

1 −
∑ f σ

(
e−, e+ → f

)
V

T|υe− ,e+ |


⊕ 1

V
T|υe− ,e+ |

∑
x=e− ,µ− ,τ− ,...

∑
λx ,λ′

x

∫
d3lx

d3σ
λx ,λ

′
x

e− ,e+→xx̄

d3lx

∗
|lx, λx⟩

〈
lx, λ

′
x

∣∣∣
2Elx V

.

(21)

lx and λx above are the final particle x’s momentum and helic-
ity, respectively. υe− ,e+ is the relative velocity of the initial par-
ticles. The sum over x is a direct sum, i.e., equation (21) is an
array of square matrices in block diagonal form. The second
term’s differential cross section matrix elements are

d3σ
λx ,λ

′
x

e− ,e+→xx̄

d3lx

≡ 1
2Ee−2Ee+

∣∣υe− ,e+
∣∣ Qlx̄λx̄

(2π)3Elx

×
(

Mlx ,λx ;lx̄ ,λx̄
e− ,e+

(
Mlx ,λ′

x ;lx̄ ,λx̄
e− ,e+

)†
(2π)4δ(4) (p − lx − lx̄)

)
.

(22)

Since the initial particles and final particles occupy different 2-
particle vector spaces, the initial and final electrons are traced
separately. The first term in equation (21) is from tracing over
the initial particles e− and e+. For unitarity to hold exactly or
tr(ρ) = 1, all additional final particle states should be added to
equation (21), e.g., including Bremsstrahlung or a final bosonic
state ZH.

The above density matrix has Lorentz invariant entries, e.g.,

the ratio ∑ f σ(a,b→ f )
V

T|υa,b |
in the first term in equation (21) is mani-

festly Lorentz invariant [10] when rewritten as

2Ea2Eb
∣∣υa,b

∣∣∑ f σ (a, b → f )(
2EaV 2EbV

VT

) . (23)

The first term in equation (21) is the probability for no scat-
tering to occur. Setting this term to zero gives the conditional
density matrix for e−, e+ scattering. This forces the area regu-
larization for scattering to be

V
T
∣∣υe− ,e+

∣∣ = ∑
f

σ
(
e−, e+ → f

)
≡ σT . (24)

The latter equation can be interpreted as the interaction
rate (1/T) divided by the luminosity (υe− ,e+/V) equals the total
scattering cross-section (σT). With the latter regularization, the
expected helicity of x from equations (21) and (24) is

⟨σz⟩ = tr

(
σz ∑

x
ρ

f
x

)

= ∑
x

∑
λx

λx
σλx ,λx

e− ,e+→xx̄
σT

.

(25)

This is a weighted average of the helicities with each weight
being the probability of a particular scattering process.
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FIGURE 2: (a) θ is the emission angle of the electron with respect to the muon’s polarization. V is the total volume accessible
to the electron. For the angular distribution to be peaked at cos θ = −1, the lower bound of the regularized volume is V ≥
1.1 × 10−41 m3, which is an order of magnitude larger than the muon’s Compton wavelength cubed. As V grows, the distribution
becomes proportional to its decay rate counterpart dΓ

d cos θ . The plot’s sample regularization range is 1.1 × 10−41 m3 ≤ V ≤ 9.7 ×
10−41 m3. (b) The massless e−’s energy is 0 ≤ E ≤ mµ

2 , where mµ is the µ−’s rest mass.
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5. DISCUSSION
The density matrix and von Neumann entanglement entropy
have been derived for the decay of a polarized muon at rest,
µ− → νµ(ν̄ee−). Since unitarity is upheld, the final and initial
density matrices have the same normalization, which contrasts
with works [1, 2, 3, 4, 5, 6, 7] that do not keep unitarity. The
time divergence in the density matrix is resolved in Section 2
by tracing over µ− and using the optical theorem. This time
divergence is the muon’s lifetime. Also, knowing the expected
helicities of final particles suggests the same regularization. As
a comparison, future work might consider an initial pure or
mixed state of muonic polarizations with a helicity versus spin
basis.

The algorithms presented herein for the muon decay are
also applicable for evaluating quantum information metrics for
any scattering process. For scattering processes, an area diver-
gence occurs in the density matrix. In Section 4, the area diver-
gence is identified with the total cross section. Both decay and
scattering processes have the ratios of areas or volumes in their
density matrix and von Neumann entanglement entropy.

When evaluating the Lorentz invariant von Neumann en-
tanglement entropy for a muon decay, another unregularized
volume, V, can appear. This volume is additive in the total
entropy and reflects the positional uncertainty. Even if this ac-
cessible volume is not regularized, the mutual information be-
tween any two final state particles’ 3-momenta will be finite.
For a regularized volume exceeding the cube of the muon’s
Compton wavelength, the angular and kinematic entropy dis-
tributions for the daughter electron are found to be similar to
the corresponding decay rate distributions. For the polarized
muon decay, the reduced density matrix of a final state par-
ticle’s momentum has three sources of entropy or missing in-
formation: positional uncertainty, momentum uncertainty, and
quantum mechanical uncertainty. Further interactions should
be investigated to find additional sources of uncertainties, per-
haps by expanding the degrees of freedom beyond momenta
and polarizations.

Future work should compare entanglement entropies, en-
tropy distributions, and mutual information of daughter par-
ticles for different decay processes involving scalar, electro-
magnetic, weak, and strong interactions or even new physics.
For example, the negative pion has mainly two decay modes,
π− → µ− ν̄µ or e− ν̄e. Helicity suppression can be reinterpreted
as entropy suppression for the electronic mode.
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