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Abstract
A model based on the modular group A5 is considered to account for lepton masses and mixing. We con-
sider multimoduli scenario, in which charged leptons and neutrinos are assigned to different moduli. Var-
ious models are considered depending on different assignments of modular weights and the mechanism
for producing the light neutrino masses.
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1. INTRODUCTION
The finite modular groups ΓN have been considered to account
for the flavor problems [1, 2]. In these groups, the coupling con-
stants can transform nontrivially; in addition, extra symmetries
under modular weights are considered. Some of ΓN are isomor-
phic to finite permutation groups. For instance, Γ2 ∼= S3 [3, 4, 5,
6], Γ3 ∼= A4 [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22],
Γ4 ∼= S4 [23, 24, 25, 26, 27, 28, 29, 30] and Γ5 ∼= A5 [31, 32, 33].
Some approaches have been studied to consider two moduli
with different VEVs of fixed points for charged leptons and
neutrinos [34, 35]. On the other hand, multiple modular groups
have been broken effectively into a single modular group with
multimoduli discussed in [36]. In this work, we adopt the sce-
nario of two moduli with modular group Γ5 ∼ A5. This would
allow us to assign different moduli to neutrino and charged
lepton sectors.

2. MODULAR FORMS OF LEVEL 5
Group A5 has 60 elements and five irreducible representations,
namely, 1, 3, 3′, 4, and 5, and is generated by two elements S
and T satisfying the following conditions:

S2 = T5 = (ST)3 = 1. (1)

The modular form of level 5 has the following form:

fi(γ(τ)) = (cτ + d)2kρij(γ) f j(τ), γ ∈ Γ(5). (2)

The modular forms of weight 2 have been calculated in [33, 31]:

Y3 =

e1(τ)
e2(τ)
e3(τ)

 , Y3′ =

e′1(τ)
e′2(τ)
e′3(τ)

 , Y5 =


ẽ1(τ)
ẽ2(τ)
ẽ3(τ)
ẽ4(τ)
ẽ5(τ)

 , (3)

where the elements of modular forms are written in terms of
the Dedekind eta-function η(τ):

η(τ) = q1/24
∞

∏
n=1

(1 − qn) , q = e2πiτ , (4)

and the Klein form

k(r1,r2)(τ)

= q(r1−1)/2
z (1 − qz)

∞

∏
n=1

(1 − qnqz)
(

1 − qnq−1
z

)
(1 − qn)−2 ,

(5)
where qz = e2πiz.

In this paper, we will use the basis where the triplet irre-
ducible representation of A5 generators is given by

S =
1√
5

 1 −
√

2 −
√

2
−
√

2 −ϕ 1/ϕ

−
√

2 1/ϕ −ϕ

 ,

T =

1 0 0
0 e

2iπ
5 0

0 0 e−
2iπ

5

 ,

(6)

where ϕ = 1+
√

5
2 . The fixed points in the fundamental domain

are

τ1 = e
i2π

3 =
−1
2

+ i
√

3
2

,

τ2 = i.
(7)

There are other fixed points but they are equivalent to the above

points by modular transformation. For instant, τ1′ =
1
2 + i

√
3

2 =
Tτ1, τ2′ = −0.5 + 0.5i = STτ2, τ2′′ = 0.5 + 0.5i = TSTτ2.

3. LEPTON MASSES AND MIXING
We consider the following scenarios that depend on differ-
ent assignments of flavors under modular A5 and modular
weights. In each of these models, the charged lepton mass and
mixing matrices are not changed.

3.1. Charged Lepton Sector
The assignments under A5 and modular weights for the lep-
ton and Higgs fields in this model are shown in Table 1. For
the charged leptons, according to the modular invariance con-
dition, for the modular forms of weight 2, the modular weights
in the charged lepton sector must satisfy the following condi-
tions:

kL + kHd + kE = 2. (8)
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Fields Ec L Nc Hu Hd
A5 3 3 3 1 1

kI

1 1 0 0 0 model 1
0 2 0 0 0 model 2
2 0 1 0 0 model 3

TABLE 1: Assignment of flavors under A5 and
the modular weight kI .

The invariant superpotential under the modular A5 group
is

we = g1 (Ec HdL)3 Y3 (τe) + g2 (Ec HdL)5 Y5 (τe) . (9)

The charged lepton mass matrix in this case is

me = vd

 2g2 ẽ1 g1e3 −
√

3g2 ẽ5 −g1e2 −
√

3g2 ẽ2
−g1e3 −

√
3g2 ẽ5

√
6g2 ẽ4 g1e1 − g2 ẽ1

g1e2 −
√

3g2 ẽ2 −g1e1 − g2 ẽ1
√

6g2 ẽ3

 ,

(10)

where vd is the vacuum expectation value of Hd. The couplings
g1 and g2 are complex in general, so we can write g2/g1 = geiδ,
where δ is the relative phase of g1 and g2. It is convenient to
work with the Hermitian matrix Me = m†

e me, to deal only with
the left-handed mixing. The matrix Me can be diagonalized as

Mdiag
e = U†

e MeUe. (11)

At the fixed point τ1 = e
2πi

3 , the matrix Me is invariant under
ST transformation:

(ST)† MeST = Me, (12)

where

ST =
1√
5


1 −

√
2e

2iπ
5

√
2e

−2iπ
5

−
√

2 −ϕe
2iπ

5 e
−2iπ

5
ϕ

−
√

2 e
2iπ

5
ϕ −ϕe

−2iπ
5

 . (13)

Therefore, at the fixed point τ1 = e
2πi

3 , the A5 modular group
is broken to a Z3 = {1, ST, (ST)2} residual group. If g ∼
O(1)GeV, δ = 0, the charged lepton mass ratios are me

mτ
=

0.0003, mµ

mτ
= 0.14, which is consistent with the experimental

results.

3.2. Neutrino Sector
For the neutrino sector, we can consider more than one scenario
to produce neutrino mass.

(i) Model 1
In this model, the neutrino masses are obtained via the non-
renormalizable 5-dimension operator. The neutrino modular
A5 invariant superpotential can be written as

wν =
h
Λ

(L L Hu Hu)5 Y5 (τν) . (14)

After spontaneous symmetry breaking, the scalar fields Hu ac-
quire vev, namely, vu. The neutrino mass in this case is

mν = hv2
u/Λ

 2ẽ1(τ) −
√

3ẽ5(τ) −
√

3ẽ2(τ)

−
√

3ẽ5(τ)
√

6ẽ4(τ) −ẽ1(τ)

−
√

3ẽ2(τ) −ẽ1(τ)
√

6ẽ3(τ)

 . (15)

The overall factor hv2
u/Λ can be chosen to get the physical neu-

trino masses. The matrix mν is symmetric but not Hermitian,
so it can be diagonalized by two unitary matrices. To deal with
the left-handed rotation, one can use the Hermitian matrix

Mν = m†
ν mν. (16)

This matrix can be diagonalized by one unitary matrix:

mdiag
ν = U†

ν MνUν. (17)

At the fixed point τ2 = i, the matrix Mν is invariant under S
transformation:

(S)† MνS = Mν. (18)

Consequently, A5 modular group is broken into a Z2 = {1, S}
residual group. In this case, the largest two eigenvalues are de-
generate and the lightest mass eigenvalue vanishes. So τ2 = i
does not lead to a physical model. Therefore, deviation from
this fixed point should be made to break mass degeneracy. The
lepton mixing UPMNS matrix is given by

UPMNS = U†
e Uν. (19)

The mixing angles can be calculated from the relations

Sin2 (θ13) = |(UPMNS)13|
2 ,

Sin2 (θ12) =
|(UPMNS)12|

2

1 − |(UPMNS)13|
2 ,

Sin2 (θ23) =
|(UPMNS)23|

2

1 − |(UPMNS)13|
2 .

(20)

For inverted neutrino mass hierarchy, at τe = e2πi/3, τν =
0.085 + 0.978i, g ∼ O(1), hv2

u/Λ ∼ O(10−2) eV, δ = 0,

∆m2
12 = 7.6 × 10−5 eV2, ∆m2

23 = 2.1 × 10−3 eV2,
me

mτ
= 0.0003,

mµ

mτ
= 0.14,

θ12 = 30.4◦, θ23 = 44.26◦, θ13 = 8.1◦.

(21)

(ii) Model 2
Here, we consider three right-handed neutrinos Nc

i , i = 1, 2, 3
that transform as in Table 1. In this case, we consider the mod-
ular weights as shown in Table 1 to satisfy the following condi-
tions:

kL + kHd + kE = 2,

kL + kHu + kN = 2.
(22)

The neutrino invariant superpotential under modular A5
group is

wν = h1 (Nc HuL)3 Y3 + h2 (Nc HuL)5 Y5 + MR Nc Nc. (23)

Therefore, the neutrino mass matrices are

mD = vu

 2h2 ẽ1 h1e3 −
√

3h2 ẽ5 −h1e2 −
√

3h2 ẽ2
−h1e3 −

√
3h2 ẽ5

√
6h2 ẽ4 h1e1 − h2 ẽ1

h1e2 −
√

3h2 ẽ2 −h1e1 − h2 ẽ1
√

6h2 ẽ3

 ,

MR = f

1 0 0
0 0 1
0 1 0

 .

(24)
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The couplings h1 and h2 are complex in general, so we can
write h2/h1 = h′eiσ, where δ is the relative phase of g1 and g2.

The neutrino mass matrix in the basis (νL, Nc) is given by

M =

(
0 mD

mT
D MR

)
. (25)

The light neutrino can be obtained by diagonalizing the above
matrix as

mν = −mD MR
−1mT

D. (26)

For inverted mass order, with a certain permutation of the
eigenvalues of charged lepton mass matrix, at τe = τ1 = e2πi/3,
τν = 0.51 + 0.854i, g ∼ 1.0005, h′ ∼ 2, δ = π, σ = 0,

∆m2
12 = 7.1 × 10−5 eV2, ∆m2

23 = 2.3 × 10−3 eV2,
m3
m2

= 0.0003,
m1
m2

= 0.14,

θ12 = 29.8◦, θ23 = 48.3◦, θ13 = 8.4◦.

(27)

(iii) Model 3
In this model, the modular weight of lepton doublet kL = 0,
while that of right-handed neutrinos kN = 1. The neutrino in-
variant superpotential under the modular A5 group is

wν = f (Nc HuL)1 + mR (Nc Nc)5 Y5. (28)

So, we end with the following mass matrices:

mD = f

1 0 0
0 0 1
0 1 0

 ,

mR =

 2ẽ1(τ) −
√

3ẽ5(τ) −
√

3ẽ2(τ)

−
√

3ẽ5(τ)
√

6ẽ4(τ) −ẽ1(τ)

−
√

3ẽ2(τ) −ẽ1(τ)
√

6ẽ3(τ)

 .

(29)

For inverted mass order, at τe = τ1 = e2πi/3, τν = 0.51 + 0.504i,
g ∼ 1.0005, δ = 0,

∆m2
12 = 7.6 × 10−5 eV2, ∆m2

23 = 2.465 × 10−3 eV2,
m1
m3

= 0.0003,
m2
m3

= 0.14,

θ12 = 31.5◦, θ23 = 48.3◦, θ13 = 8.4◦.

(30)

4. CONCLUSION
We consider the modular group A5 to account for lepton
masses and mixings. Different assignments of flavors under
modular weights lead to different models.
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